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< 0S% -&0#'/ 76%.& %g#.$.9&.#< 10.'7 U R6.86 80&&%310'/ 70 76% < .'.<#< 02 76%.& 107%'P
7.-$ %'%&:C � 76% <07.0' .3 /#% 70 76% 76%&< -$ %W8.7-7.0' ! 56.3 :.S%3 &.3% 70 <0/.h8-7.0'3
02 76% .'7%'3.7C 02 76% 38-77%&%/ R-S%3 U 76&0#:6 76% 30 8-$$%/ £ �¨¤ �¥ X�� ��� � �¡���!

Q2 - 76%&< -$$C %W8.7%/ -70< .3 80'3./%&%/ U .7 .3 1 033.9 $% 70 /%h'%
p(r′)

-3 76% 1&09P
-9.$.7C 02 h'/.': 76% -70< .'

r′
U -'/

ρa(r− r′)
-3 76% %$%87&0'.8 /%'3.7C .'

r
R6%' 76%

-70< .3 .'
r′
! 56% %>%87.S% %$%87&0'.8 /%'3.7C .3 097-.'%/ .'7%:&-7.': -$$ 76% 80'7&.9#P

7.0'3 R6%' 76% -70< %W1$0&%3 76% R60$% S0$#< %
S ′

/#&.': .73 <07.0' §

ρat(r) =

∫

S′

ρa(r − r′)p(r′)dr′ = ρa(r
′) ∗ p(r′) v* !**w

Q' 76% &%8.1&08-$ 31-8% 76% 80'S0$#7.0' 9%80< %3 - 1&0/#87 §

fat(r
∗) = fa(r

∗) · q(r∗) v* !*4w
R6%&%

f(r∗)
.3 76% -70< .8 38-77%&.': 2-870& 02 76% hW%/ -70< -'/

q(r∗) =
∫

S′
p(r′) exp(2πir∗·
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r′)dr′

.3 76% £ �¨¤�¥ô�� ��� � �¡���! 56% 1&09-9.$.7C 2#'87.0'
p(r′)

/%1 %'/3 /.&%87$C 0'
76% 7%<1%&-7#&% U -'/ .'S%&3%$C 0' 76% -70< .8 < -33 -'/ 76% 37&%':76 02 76% 9 0'/3 ! "0&
76.3 &%-30' .7 .3 .' :%'%&-$ -'.307&01.8 U 9#7 .7 8-' 9% -33#<%/ .307&01.8 U 20& 3.< 1$.8.7C �
.' 76-7 8-3% .7 8-' 9 % -11&0W .< -7%/ 9C - a-#33.-' 2#'87.0' §

p(r′) = (2π)−1/2U−1/2 exp
[

−(r′2/2U)
] v* !*@w

R6%&%
U = 〈r2〉 .3 76% < %-' 36.27 02 76% -70< R .76 &%31 %87 76% %g#.$.9&.#< 103.7.0' !

56% 80&&%310'/.': "0#&.%& 7&-'320&< .3 §

q(r∗) = exp(−B sin2 θ/λ2) v* !*Fw
R6%&%

B = 8π2U
.3 76% -70< .8 7%<1%&-7#&% 2-870& v< %-3#&%/ .' À w! 5C1.8-$ S-$#%3 02

√
U

-&% Z !ZF÷Z !*Z À 20& .'0&:-'.8 8&C37-$3 U #1 70 Z !F À 20& 0&:-'.8 8&C37-$3 �FZ� ! 56%
%>%87 02 76% Y%9C% �-$$%& 2-870& .3 70 < -,% 76% %$%87&0'.8 /%'3.7C <0&% /.>#3% -'/
6%'8% 70 &%/#8% 76% 38-77%&.': .'7%'3.7.%3 20& 6.:6%& S-$#%3 02

sin θ/λ = |r∗| !

Ê »Ê Y ZÎ¾³¸ÿ ¾±²Í½ Ð¾²9¶Î ¸± Z 9³Íþ µ¸:³Í·²¸´±
56.3 3%87.0' 20 8#3%3 0' 76% %W1 %&.< %'7-$ .'37&#< %'73 #3%/ 20& 76% WP&-C 1&0/#87.0' U
9076 80'S%'7.0'-$ :%'%&-70&3 -'/ 3C'86&07&0'3 U -'/ :.S%3 30< % .'20&< -7.0' -90#7 76%
017.8-$ < %760/3 -9$% 70 097-.' - 3#.7-9$% WP&-C 9 %-< 0' 76% 31 %8.< %' U '%8%33-&C 70
1&0/#8% /.> &-87.0' U -'/ 76% WP&-C /%7%870&3 !

ë Ûë ÛÚ [ \äã� òçáäïßò
k��]�������� l���������
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+3 R &.77%' 9%20&% U 76% %< .77%/ WP&-C &-/.-7.0' 80'3.373 02 7R0 80'7&.9#7.0' U 76% h&37
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α

-'/ �
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0'% U 9 %8-#3% 76% ¡ê���¡�������¡ 1 %-,3 -&% <#86 <0&% .'7%'3% v02 - 2-870& 7%' w 76-'
76% 9&%<<37&-6$#': 80'7&.9#7.0' v3%% h: ! * !@-w � 76 .3 U 0' 76% 80'7&-&CU .3 - 30&7 02
9-8,:&0#'/ ! 56% 86-&-87%&.37.8 $.'%3 -&% 8-$$%/ � U G U X U %78 ! -'/ 80&&%31 0'/ 70 76%
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80#&3% '07 -$$ 76% 7&-'3.7.0'3 -&% 1 %&< .77%/ U /#% 70 76% 1&%3%'8% 02 3%$%87.0' &#$%3 ! Q'
1-&7.8#$-& U .2 76% 7R0 0&9.7-$3 .'S0$S%/ .' 76% 7&-'3.7.0' -&% 8$03% U 76% $.'% .3 $-9 %$$%/
R .76

α
U .2 76%C -&% 3%1-&-7%/ 9C -'076%& 36%$$ .7 .3 .'/.8-7%/ R .76

β
! + 2#&76%& .'7%:%&

'#<9%& .'/.8-7%3 R6.86 0&9.7-$ .3 .'S0$S%/ .' 76% 7&-'3.7.0' U -3 360R' .' 76% h: ! * !@9 !
56% WP&-C 16070' %'%&:C .3 09S.0#3$C 76% /.>%&%'8% 02 76% %'%&:C 02 76% 7R0 $%S%$3

.'S0$S%/ .' 76% 7&-'3.7.0' U -'/ /%1%'/3 0' 76% %$%< %'7 R6.86 6-3 9 %%' 80'3./%&%/ ! "0&
- :.S%' 7&-'3.7.0' U 76% 2&%g#%'8C 8-' 9% 097-.'%/ 9C 76% � �����¤ ù� ��ô §

ν = C(Z − σ)2 v* !*Aw
R6%&%

C
-'/

σ
-&% 80'37-'73 U R6.$%

Z
.3 76% -70< .8 '#<9%& 02 76% -70< .8 31 %8.%3

80'3./%&%/ ! 5R0 S%&C 80<<0' 7&-'3.7.0'3 $.'%3 -&% 76%
Kα

02 (011%& vZ = 29w -'/
X0$C9/%'#< vZ = 42)

U R603% 80&&%310'/%'7 %< .77%/ &-/.-7.0'3 6-S% 76% 7C1.8-$ R-S%P



4A [ÁÂÃ ^_� ; Å < =�Â� ��ÆÆ�Â[^�\] ^_[Á]�> �_`
$%':76 &%31 %87.S%$C

λ = 1.5418 À -'/
λ = 0.7107 À ! 56% .'7%'3.7C 02 - 86-&-87%&.37.8

K
$.'% .3 %W1&%33%/ 9C 76% %g#-7.0' �FZ� §

IK = B · i · (V − VK)1.5 v* !*Dw
R6%&%

B
.3 - 80'37-'7 U

i
.3 76% %$%87&.8-$ 8#&&%'7 U

VK
.3 76% %W8.7-7.0' 1 07%'7.-$ 02 76%

K
3%&.%3 U 37&.87$C &%$-7%/ 70 76% .0'.3-7.0' %'%&:C 02 76% -70< U -'/

V
.3 76% R0&,.':

1 07%'7.-$ ! Q7 8-' 9% 360R' 76-7 76% 6.:6%37 &-7.0
IK/IW

U R6%&%
IW

.3 76% 707-$ 9&%<<P
37&-6$#': %'%&:CU .3 097-.'%/ R6%'

V = 4 · VK
� 20& 8011 %&

VK = 8.981
�� U 6%'8% 76%

'0&< -$ R0&,.': 107%'7.-$ 02 -' WP&-C :%'%&-70& .3 -90#7
40

�� !
56% 860.8% 02 76% 9 %37 7C1 % 02 &-/.-7.0' U &%$-7%/ 70 76% 86-&-87%&.37.83

Kα
$.'%3

02 76% < %7-$3 R6.86 -&% '0&< -$$C #3%/ -3 7-&:%7 U /%1 %'/3 0' 3%S%&-$ 2-870&3 � 0' 0'%
6-'/ U 20& - :.S%' :%0< %7&C 02 76% %W1%&.< %'7-$ 3%7P#1 U 76% /.>&-87%/ 1 %-,3 R .$$ &%3#$7
< 0&% &%30$S%/ 0' 76% /%7%870& .2 - $0':%& R-S%$%':76 .3 #3%/ ! n' 76% 076%& 6-'/ U 76%
$-&:%& .3 76% R-S%$%':76 U 76% R%-,%& .3 76% 3%'3.7.S .7C 02 76% WP&-C 1&09% 70 76% <0$%8#$-&
37&#87#&% ! + 80<1&0< .3% 9 %7R%%' 76%3% 7R0 01103.7% 16%'0<%'- $%-/3 70 1&%2%& 8011%&
R6%' 76% 37&#87#&% /.31$-C3 $-&:% #'.7 8%$$ 1-&-<%7%&3 U -3 .' < -8&0< 0$%8#$-& 3C37%< 3 U
-'/ <0$C9/%'#< 20& 76% .'0&:-'.8 < -7%&.-$3 ! X0&%0S%& U 76% #3% 02 - &-/.-7.0' &-76%&
76-' -'076%& /%1 %'/3 0' 76% 1&%3%'8% 02 -70< 3 .' 76% 31 %8.< %' R6.86 /.31$-C 37&0':
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qK��M������ ��lM�
56% �37-7% 02 76% -&7� 02 WP&-C /.>&-87.0' .3 '0R &%-86%/ .' 76% �¤� ¡ê������ ���������
� �¡������� ! + 3C'86&07&0' .3 -' .'37-$$-7.0' .' R6.86 %$%87&0'3 0& 103.7&0'3 -&% -88%$P
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3.< .$-& 70 0'% 02 -' 038.$$-7.': /.1 0$% R .76 76% < -W.<#< 02 .'7%'3.7C .' 76% /.&%87.0'
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P =
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γ = mc2
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< -:'%73 v3%% h: ! * !A8w -$7%&'-7%$C 0&.%'7%/ � 76-',3 70 76% %$%87&0/C'-< .83 7&-'320&P
< -7.0'3 U 76%C -&% 3%%' 9C 76% 86-&:%/ 1-&7.8$%3 -3 - ¨�¡_ � ����  ����  %$%87&0< -:'%7.8
R-S% �F4� ! 56% .'7%&-87.0' 9%7R%%' 76% 1-&7.8$% -'/ 76% R-S% 80#$/ 9 % /%38&.9 %/ R .76
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76% ��õ��� � ���� ��� � ¡�������  � 76% 9-8,38-77%&%/ R-S% .3 2&%g#%'8CP36.27%/ 7R .8% 9C
76% Y011$%& %>%87 U -'/ .2 76% $%':76 02 76% < -:'%73 .3 8603%' 1&01%&$CU -' .'7%'3% WP&-C
9%-< 8-' 9% 1&0/#8%/ ! Q2 76% .'3%&7.0' /%S.8% .'/#8%3 �:%'7$%� 7&-'3S%&3% #'/#$-7.0'3
0' 76% < 0S.': 1-&7.8$% .3 8-$$%/ ��������� � 76 .3 /%S.8% 1&0S./%3 - <#86 <0&% < 0'08&0P
< -7.8 -'/ .'7%'3% &-/.-7.0' 76-' - 9 %'/.': <-:'%7 ! n' 76% 80'7&-&CU .2 76% 7&-'3S%&3%
#'/#$-7.0'3 -&% $-&:% U R% 6-S% - ô �   ���U R6.86 .3 %g#.S-$%'7 70 -' %'3%<9$% 02 9 %'/.':
<-:'%73 80<9.'%/ .' 3%&.%3 !

TC'86&07&0' $.:67 1&%3%'73 < -'C -/S-'7-:%3 -3 80<1-&%/ R .76 76% <037 80<<0'
$-9 0&-70&C WP&-C :%'%&-70&3 ! �%3./%3 76% %-&$C /.38#33%/ 7&%< %'/0#3 9&.$$.-'8% 02 76%
9 %-< U R6.86 1%&< .73 70 1 %&20&< S%&C 2-37 -'/ 6.:6 &%30$#7.0' < %-3#&%< %'73 U <0&%0S%&
76% 860.8% 02 76% R-S%$%':76 .3 '07 $.< .7%/ 9C 76% 86-&-87%&.37.8 $.'%3 02 76% -70< .8
31 %8.%3 .' 76% -'0/% � 76% 31 %87&#< 02 76% &-/.-7.0' %< .77%/ .' - 370&-:% &.': .3 S%&C
R ./% -'/ 8-' 9% 7#'%/ 2-& 9 %C0'/ 76% &-':% 80S%&%/ 9C 76%

CuKα
-'/ 76%

MoKα v3%%h: ! * !@9 w ! Q' 76% 20$$0R .': 7-9$% 76% < -.' 86-&-87%&.37.83 02 3%S%&-$ 3C'86&07&0'3 -&%
3#<<-&.3%/ !

q`q akb c sqc� a�c c yd q ae qy c qd ���lJu af�e cV'%&:C * !@ a%� A !Z4 a%� D a%� E a%�x
◦
9 %-<P$.'%3 F 4* 4@ A*8.&8#'2%&%'8% *EE < E@@ <   Z@ <  @4A <�%-< 8#&&%'7 < -W @ZZ <+ *ZZ <+  ZZ <+  ZZ <+

5-9$% * ! § T0<% 86-&-87%&.37.83 02 3%S%&-$ 3C'86&07&0'3 70/-C .' 01 %&-7.0' !
ë Ûë Ûë g çíçïÞäçæãð �òãð �çí ãíå ïçèè�æãð �çí ç � h\äã�ò
+ 80<<0' 1&09$%< .' - WP&-C3 /.>&-87.0' %W1%&.< %'7 .3 76% '%%/ 70 1&0S ./% - 9%-<
02 < 0'08&0< -7.8 &-/.-7.0' ! 56% <0'086&0<-7.3-7.0' 02 76% 9 %-< 8-' 9% 097-.'%/
.' 3%S%&-$ R-C3 § 9C 76% #3% 02 h $7%&3 0& 9C .'7&0/#8.': <0'086&0<-70&3 9 %7R%%' 76%
30#&8% -'/ 76% 3-<1$% !

Q' 76% h&37 8-3% U - 31 %8.h8 < -7%&.-$ U R6.86 -930&93 3%$%87.S%$C .' R%$$ /%h'.7% WP&-C
9-'/3 .3 .'7%&1 03%/ � .73 76.8,'%33 .3 8-$.9&-7%/ 30 76-7 76% &%3#$7.': -930&17.0' 8#&S%
< .'.< .3%3 76% $033 .' .'7%'3.7C .' 76% &%:.0' 02 .'7%&%37 U 9#7 < -W.< .3%3 .7 .' 76% &%:.0'
02 9-8,:&0#'/ !

+' -$7%&'-7.S% U < 037 %¦ 8.%'7 -'/ <0&% #3%/ <%760/ 80'3.373 02 - ¡�¤���� � ���¡ê��¥
� ����! "&0< 76% �&-:: $-R U .2 0'% hW%3 76% S-$#% 02

d
-'/

θ
U 76% /.>&-87.0' 80'/.7.0'

.3 3-7.3h%/ 20& 0'$C - S-$#% 02
λ
! 56% 8&C37-$ < 0'086&0< -70& 360#$/ 9% 3#¦ 8.%'7$C

< %86-'.8-$$C 37&0': 70 < -'7-.' 76%.& 16C3.8-$ 86-&-87%&.37.83 /#&.': 76% WP&-C 9%-<
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%W103.7.0' � < 0&%0S%& U 76% .'7%&1$-'-& /.37-'8%

d
360#$/ -$$0R 70 097-.' 76% 38-77%&%/

<0'086&0<-7.3%/ 9 %-< -7 - &%-30'-9$% -':$% ! 56% <03-.8.7C 02 76% 8&C37-$ <#37 9 %
S%&C $0R U 70 %$.< .'-7% 76% /.31 %&3.0' 02 76% 9 %-< ! �C 9%'/.': 76% 8&C37-$ U 0'% 8-'
9076 <0'086&0<-7.3% -'/ 20 8#3 76% .'8./%'7 9 %-< !

Q' 0&/%& 70 097-.' - WP&-C 9 %-< -3 80$$.< -7%/ -3 1033.9 $% U .7 .3 '%8%33-&C 70 #3%
- ¡�� ��� ����! Q7 80'3.373 02 - 8C$.'/%& R .76 7R0 -1%&7#&%3 U 8-$$%/ � ��ê ����U 76-7 /%h'%
76% /.S%&:%'8% 02 76% 9 %-< ! + 76.&/ -1%&7#&% 103%/ -7 76% %'/ 02 76% /%S.8% /0%3 '07
< 0/.2C 76% 9 %-< 3.i% U 9#7 -$$0R 3 70 %$.< .'-7% %W8%33 02 38-77%&%/ &-/.-7.0' !

ë Ûë ÛÜ i ßðßïðçäò
56% h&37 < %760/ 02 /%7%87.0' 02 WP&-C3 R-3 &%1&%3%'7%/ 9C 76% #3% 02 16070:&-16.8
h $< 3 � 9#7 /#% 70 76% .'7&.'3.8 $0R &%30$#7.0' -'/ 70 76% /.¦ 8#$7 02 %W7&-87.': /.:.7-$
/-7- U 76%C R%&% 3#937.7#7%/ 9C <0&% %¦ 8.%'7 1&010&7.0'-$ -'/ 38.'7.$$-7.0' /%7%870&3 !
56% 20&< %& 1&0S./%3 -' 0#71#7 S0$7-:% R6.86 .3 1&010&7.0'-$ 70 76% WP&-C 16070' U -'/
.3 86-&-87%&.3%/ 9C -' 6.:6%& %'%&:C &%30$#7.0' � 76% $-77%& U 0' 76% 80'7&-&C 1&%3%'73
- :00/ g#-'7#< 80#'7.': %¦ 8.%'8C -'/ 6%'8% .3 < 0&% 3#.7-9$% 20& R0&,.': R .76 -
<0'086&0<-7.8 9 %-< ! n' 76% 076%& 6-'/ U < 037 9 %77%& 1 %&20&< -'8% -&% '0R &%-86%/
9C 30$./ 37-7% /%7%870&3 U #3#-$$C G.P/&.27%/ 3.$.80' 8&C37-$3 U R6.86 1&%3%'7 - g#-'7#<
80#'7.': %¦ 8.%'8C 02 ∼ 100 È �F@� !

+ S%&C .<10&7-'7 8$-33 02 /%7%870&3 .3 &%1&%3%'7%/ 9C 76% 1 03.7.0'P3%'3.7.S% /%7%8P
70&3 vBTYw � 76%3% 1&0S ./% '07 0'$C 76% '#<9%& 02 80#'7.':3 U 9#7 -$30 76% 31-7.-$ 10P
3.7.0' 02 76% 3.':$% %S%'7 ! 56% %-&$C S%&3.0'3 R%&% 20&< %/ 9C -' -&&-C 02 1&010&7.0'-$
80#'7%&3 U 6%'8% 76%C R%&% $.'%-& -'/ -9$% 70 3#97%'/ -' -':$% 02 ∼ 10◦

! x0R U -$30
7R0P/.< %'3.0'-$ /%7%870&3 -&% -S-.$-9$% U -3 20& %W-<1$% 76% .< -:% 1$-7%3 ! 56% < -.'
-/S-'7-:% 02 - BTY .3 76% .< 1&0S%< %'7 .' 76% -8g#.3.7.0' &-7% � < 0&%0S%& U %31 %8.-$$C
20& 10R/%& %W1%&.< %'73 v3%% 9 %$0R w - 7R0 /.< %'3.0'-$ .< -:% 02 76% /.>&-87%/ &-/.-7.0'
C.%$/3 <#86 <0&% .'20&< -7.0' U 20& %W-<1$% 0' 76% 7%W7#&% 02 76% 3-<1$% ! n' 76% 076%&
6-'/ U BTY :%'%&-$$C /.31$-C $0R%& &%30$#7.0' R .76 &%31 %87 70 - 10.'7 /%7%870& U %S%' .2
.7 :%'%&-$$C /0 %3 '07 80'37.7#7% - 3%&.-$ $.< .7-7.0' !

Ê »Ñ 8 9³Íþ µ¸:³Í·²¸´± Ï´³ Î´½þ·³þÐ²Í½½¸±¾ ÿ Í²¾³¸Í½Ð
56% 80<10#'/3 37#/.%/ /#&.': 76.3 R0&, R%&% .' - 10$C8&C37-$$.'% 20&< U /#% 70 76%
.<1033.9 .$.7C 02 097-.'.': - 3.':$% 8&C37-$ ! ;%'8% U 76% 20$$0R .': 3%87.0' .3 /%S07%/ 70
-' 0S%&S.%R 02 76% 7%8'.g#%3 #3%/ 20& 76% 1 0R/%& /.>&-87.0' -'-$C3.3 !
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ë ÛÜ ÛÚ �çDåßä å �îäãïð �çí ã�� è�ïãð �çíò
B0R/%& /.>&-87.0' .3 < -.'$C #3%/ 20& 9076 j��������õ � -'/ j���������õ � ����¤��� 02
<#$7.16-3.8 8&C37-$$.'% < -7%&.-$3 ! 56.3 < %-'3 76-7 0'% 8-' /%/#8% 2&0< - 10R/%&
1-77%&' R6-7 -&% 76% 8&C37-$$.'% 16-3%3 80'7-.'%/ .' 76% 3-<1$% U -'/ -$30 %S-$#-7% 76%
1 %&8%'7-:% .' R%.:67 02 76% S-&.0#3 16-3%3 !

56% j��������õ � ����¤��� .3 9-3%/ 0' 76% %W .37%'8% 02 76% B0R/%& Y .>&-87.0' ".$%
vBY"w U - /-7- 9-', 80'7-.'.': 76% 8&C37-$$0:&-16.8 .'20&< -7.0' 02 -$$ 76% ,'0R' 37&#8P
7#&%3 � 76 .3 h $% .3 /-.$C #1/-7%/ -'/ .7 .3 / .37&.9#7%/ 9C -' Q'7%&'-7.0'-$ 0&:-'.3-7.0'
8-$$%/ =0.'7 (0<< .77%% 20& B0R/%& Y .>&-87.0' T7-'/-&/3 v=(BYTw ! "0& - 16-3% -'-$CP
3.3 .' - 3-<1$% .7 .3 :%'%&-$$C 3#¦ 8.%'7 70 < -1 76% 103.7.0'3 02 76% /.> &-87.0' $.'%3 !

n' 76% 80'7&-&CU 76% j���������õ � ����¤��� .3 :%'%&-$$C 9-3%/ 0' - k ���õ ��� ��B ��� ���
v3%% 8-1 ! @ !*w 02 76% /.>&-87.0' 1-77%&' � .' 76.3 8-3% 76% 86%8, .3 80<1$.8-7%/ 9C 76% 2-87
76-7 /.>%&%'7 16-3%3 1&%3%'7 /.>%&%'7 -930&17.0' 02 WP&-C3 U -'/ 76% 3.< 1$% -33#<17.0'
02 - /.&%87 1&01 0&7.0'-$.7C 9 %7R%%' 76% .'7%'3.7C < %-3#&%/ -'/ 76% -<0#'7 02 - :.S%'
8&C37-$$.'% 16-3% 1&%3%'7 .' 76% 3-<1$% .3 '07 80&&%87 ! T%S%&-$ 76%0&%7.8-$ 37#/.%3 R%&%
1 %&20&< %/ U 9#7 76% 3.<1$%37 -11&0-86 .3 9-3%/ 0' 76% -//.7.0' .' 76% 1 0R/%& 02 -'
������������� �������� v20& %W-<1$% 80&#'/#< xQT5 ADAw ! Q' 76.3 8-3% 76% R%.:67
2&-87.0' 02

xi
02 76%

i
P76 80<10'%'7 .3 �FZ� §

xi = xf
kf

ki

Ii
If

v* !*)w
R6%&%

xf
.3 76% R%.:67 2&-87.0' 02 76% �#36.': -:%'7 U

Ii
-'/

If
76%.& &%$-7.S% .'7%'3.7CU

ki
-'/

kf
76% .'7%'3.7.%3 &%$-7.S% 70 76-7 76% &%2%&%'8% 3#937-'8% !

f%8%'7 .<1&0S%< %'73 02 76% 80<1#7%&P9-3%/ < %760/3 -$$0R 3 '0R -$30 76% �¨ ������
/%7%&< .'-7.0' U .' 30< % 3.<1$%& 8-3%3 U 02 76% 8&C37-$ 37&#87#&%3 2&0< 10R/%& /-7- U %31 %P
8.-$$C 20& 3#937-'8%3 20& R6.86 3#.7-9$% 3.':$% 8&C37-$3 -&% '07 -S-.$-9$% ! 56.3 1-&7.8#$-&
701.8 R .$$ 9 % /.38#33%/ .' /%7-.$ .' 8-1 ! @ !
ë ÛÜ Ûë lßçæßðä �ßò áòßå �í � çDåßä å �îäãïð �çí
+ ���¤¡�¤���� ��� � � ������� 0& � �ô��� .3 -' %'3%<9$% 02 - 6.:6 '#<9%& 02 &-'/0< $C
0&.%'7%/ 8&C37-$$.7%3 ! 56.3 %'3%<9$% 8-' 9% 097-.'%/ 3.< 1$C :&.'/.': - 3.':$% 8&C37-$ U
9#7 S%&C 027%' 76% 1 0R/%& 80'/.7.0' 02 76% 3-<1$% .3 76% 0'$C -S-.$-9$% 37-7% U 9 %8-#3% .7
.3 .< 1033.9 $% 70 097-.' - 3#¦ 8.%'7$C 9.: 3.':$% 8&C37-$ /#&.': 76% 3C'76%3.3 1&08%33 ! 56%
.307&01.8 -&&-':%<%'7 02 76% 8&C37-$$.7%3 .' 76% &%-$ 31-8% < %-'3 76-7 .' 76% &%8.1&08-$
$-77.8% 76% 38-77%&.': S%870&3 /0%3 $.% '0 <0&% 0' 76% '0/%3 U 9#7 20&< 316%&.8-$ 3#&2-8%3
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".:#&% * !D § -w � 6%' - 10R/%& 02 .307&01.8-$$C 0&.%'7%/ 8&C37-$$.7%3 -&% .&&-/.-7%/ R .76WP&-C3 U 76% 3-< % &%�%87.0' 80'/.7.0' .3 3-7.3h%/ 9C -' 6.:6 '#<9%& 02 1$-'%3 ! 9 w56% 16070'3 /.>&-87%/ 9C 76%3% 1$-'%3 /%38&.9 % 80'%3 .' 76% &%8.1&08-$ 31-8% U 8-$$%/£ �¨¤�¥� ¡ê ����� 80'%3 !
R603% &-/.#3 .3 76% $-77.8% S%870&3

r∗ v3%% h: ! * !D-w ! Q' 3#86 - 8-3% U 76% V/R-$/ 316%&%
02 &-/.#3 1

λ

U R6.86 &%1&%3%'73 76% 38-77%&.': 80'/.7.0' 02 - <0'08&0< -7.8 &-/.-7.0'
R603% R-S% S%870& .3

K = 1
λ

U .'7%&3%873 76% 38-77%&.': 316%&%3 -$0': 8.&8#< 2%&%'8%3 U
R6.86 /%h'% 76% /.> &-87.0' 80'%3 02 76% 10R/%& 31 %8.< %' v3%% h: ! * !D9w !56% 3.< 1$%37 R-C 70 &%80&/ - 10R/%& /.>&-87.0' 1-77%&' .3 &%1&%3%'7%/ 9C 1$-8.':
- 16070:&-16.8 h $< 1 %&1 %'/.8#$-& 70 76% .'8./%'7 WP&-C 9 %-< ! �#7 - <0&% -88#&-7%
7%86'.g#% U R6.86 1%&< .73 70 &%80&/ -$30 76% &%�%87.0' -7 -':$%

2θ
:&%-7%& 76-' π

4

U 80'P
3.373 02 76% #3% 02 - £ �¨¤�¥� ¡ê ����� ¡�� ���U .' R6.86 76% h $< 80S%&3 76% R60$% 30$./
-':$% -&0#'/ 76% 31 %8.< %' U -'/ 76% WP&-C 30#&8% .3 - 1-&-$$%$ 9 %-< 097-.'%/ 9C 76%
#3% 02 - 80$$.< -70& v3%% 3#93%87 ! * !* !*w ! 56.3 :%0<%7&C .3 #3%/ -$30 .' 76% <0/%&' 10RP
/%& /.>&-870< %7%&3 U .' R6.86 76% 3%'3.7.S% < %/.#< .3 &%1$-8%/ 9C - g#-'7#< 80#'7%&
1 03.7.0' 3%'3.7.S% /%7%870& ! 56% 7R0 <-.' ,.'/3 02 10R/%& /.> &-870< %7%&3 -&% §

• £ �¨¤�¥� ¡ê ����� ��? ��¡��� ����� § 76% < 0'086&0<-7.8 9 %-< .3 80$$.< -7%/ 0' 76%
3-<1$% U R6.86 1&%3%'73 - 8C$.'/&.8-$ :%0<%7&C v- 8-1.$$-&C w -'/ .3 .' 3$0R &07-7.0'
-7 76% 8%'7&% 02 76% :0'.0< %7%& v3%% h: ! * !E-w ! 56% /-7- -&% 80$$%87%/ 9C 76% #3%
02 - 1 0.'7 0& -&%- /%7%870& ! 56% -/S-'7-:% 02 76.3 :%0< %7&CU -$30 8-$$%/

θ− 2θ
U .3

76-7 76% /%7%870& 8-' %-3.$C 38-' -$< 037 -$$ 76%
2θ

&-':% U -'/ U .2 -' -&%- /%7%870&
.3 #3%/ U 76% -8g#.3.7.0' .3 S%&C 2-37 ! 56% /.3-/S-'7-:%3 -&% &%1&%3%'7%/ 9C 76%
$0R .'7%'3.7C 02 76% WP&-C 9 %-< U .2 80'S%'7.0'-$ :%'%&-70& 7#9%3 -&% 80'3./%&%/ U
/#% 70 76% &%g#.&%< %'7 02 - 1-&-$$%$ 9 %-< ! 56.3 1#73 3%S%&% $.< .73 0' 76% 31-7.-$
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-w 9w
".:#&% * !E § a%0< %7&C 02 § -w - Y%9C%PT86%&&%& /.>&-870< %7%& -'/ 9w - �&-::P�&%'7-'0/.> &-870< %7%& ! Q' 76.3 3%80'/ 8-3% 76% /.>&-87.0' .< -:% <#37 9 % 7-,%' 0'$C R6%' 76%/%7%870& $.%3 0' 76% 20 8#3.': 8.&8$% ! 56% 80'/.7.0' .3 80'3%&S%/ 0'$C .2 76% /%7%870& -'/76% 3-<1$% v0& -$7%&'-7.S%$C 76% /%7%870& -'/ 76% WP&-C 30#&8%w &07-7% 70:%76%& 02 76%3-< % -':$%

θ
/#&.': 76% <%-3#&%< %'7 !

&%30$#7.0' 02 76% /.>&-87.0' 1&0h $% !

• � ��   ¥� ������� ��? ��¡��� ����� § 76%C #3% 76% T%%< -'P�06$.' 1-&-20 8#3.': :%0< P
%7&CU 360R' .' h: ! * !E9 ! Q' 76.3 8-3% 76% WP&-C 9 %-< .3 /%20 8#3%/ 0' 76% 3-<1$% U
R603% /.< %'3.0'3 8-' 9 % 6.:6%& 76-' .' 76% 1&%S.0#3 8-3% U -'/ 76%' &%20 8#3%/ 0'
76% /%7%870& ! 50 %'3#&% 76% &%20 8#33.': U 9 076 76% /%7%870& -'/ 76% 31 %8.< %' <#37
<0S% /#&.': 76% /-7- 80$$%87.0' ! Q' 76.3 :%0<%7&CU -$30 8-$$%/

θ − θ
U -' 6.:6%&

WP&-C �#W 8-' 9% &%-86%/ U 70:%76%& R .76 -' 6.:6 /-7- &%30$#7.0' U 9#7 76% < -.'
/.3-/S-'7-:% .3 76% .< 1033.9 .$.7C 70 31-' 76% R60$%

2θ
&-':% ! X0&%0S%& U /#% 70

76% .<1033.9 .$.7C 02 -8g#.&% /-7- -7
2θ = 0

U 76% .'37&#< %'7 8-' 9 % 8-$.9&-7%/ 0'$C
9C #3.': 3-<1$%3 -3 37-'/-&/3 !
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-w 9w
".:#&% * !) § + 386%< -7.8 &%1&%3%'7-7.0' 02 -w - '0'P./%-$ �&-:: &%�%87.0' U -'/ 9w 76%/.37&.9#7.0' 02 76% 1$-'% '0&< -$3 02 &-'/0< $C 0&.%'7%/ 8&C37-$$.7%3 � G0&%'7i 2-870& -&.3%32&0< 76%3% :%0< %7&.8-$ %>%873 !
ë ÛÜ ÛÜ i ãðã äßåáïð �çí �í ã � çDåßä h\äã� ßh� ßä �æßíð
56% &%$-7.0'36.1 9 %7R%%' 76% 3g#-&% 02 76% 2-870& 37&#87#&% U R6.86 80'7-.'3 76% .'20&P
< -7.0' -90#7 76% -70< .8 -&&-':%< %'7 .' 76% #'.7 8%$$ U -'/ 76% .'7%:&-7%/ .'7%'3.7CU
R6.86 .3 76% %W1%&.< %'7-$$C -S-.$-9$% /-7- .' - 10R/%& /.>&-87.0' %W1%&.< %'7 U .3 '07
/.&%87 U 9#7 .'S0$S%3 3%S%&-$ 076%& 2-870&3 76-7 S-&C 2&0< &%�%87.0' 70 &%�%87.0' ! 56%3%
2-870&3 8-' 9 % 3#<<-&.3%/ -3 .' 76% %g ! * !4Z §

IH = kmI0LPT |FH|2 v* !4Zw
R6%&%

k
.3 - 80'37-'7 U R6.86 .'8$#/%3 30< % 80'37-'7 2-870&3 !

I0
.3 76% .'8./%'7 &-/.-7.0'

.'7%'3.7C -'/ |FH|2
.3 76% 3g#-&% <0/#$#3 02 76% 37&#87#&% 2-870& U 80<1&%6%'3.S% -$30

02 76% 76%&< -$ %>%873 v3%% 3#93%8 ! * ! !@ w � m .3 76% <#$7.1 $.8.7C 2-870& 02 76% 80'3./%&%/
&%�%87.0' § -87#-$$C .7 < -C 9% /%h'%/ -3 76% '#<9%& 02 1$-'%3 02 76% 8&C37-$ R6.86 6-S%
76% 3-< % 31-8.': U -'/ 6%'8% :.S% &.3% 70 3#1 %&.< 103.': Y%9C%PT86%&&%& 80'%3 !

L
U
P-'/

T
-&% &%31 %87.S%$C 76% ������A � �¡���U 76% � ����������� � �¡��� -'/ 76% ������ ������� �¡���! Q7 ?3 R0&76 70 80'3./%& .' /%7-.$ 76%3% $-37 76&%% 80'7&.9#7.0'3 !


M� `�����m ����������
56.3 2-870& 7-,%3 .'70 -880#'7 30< % :%0<%7&.8-$ %>%873 U R6.86 /%%1$C .'�#%'8% 76%
.'7%'3.7C 02 76% &%�%87.0' .' - 10R/%& /.>&-87.0' %W1 %&.< %'7 ! 56% 30 8-$$%/ G0&%'7i
80&&%87.0' -&.3%3 2&0< 76&%% /.>%&%'7 80'7&.9#7.0'3 §
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 ! 56% 10R/%& 1-&7.8$%3 .' 76% 31 %8.< %' U 3.'8% 76%C -&% 86-&-87%&.3%/ 9C -$$ 76% 103P

3.9 $% 0&.%'7-7.0'3 U 9 %6-S% -3 - &07-7.': 8&C37-$ R6.86 U R .76 .73 <0S%<%'7 U 1&09 %3
76% S-&.0#3 �&-:: &%�%87.0'3 ! ;%'8% .7 .3 1 033.9 $% 70 80'3./%& U 20& 3.< 1$.8.7CU -
8&C37-$ .' &07-7.0' -7 - #'.20&< -':#$-& S%$0 8.7C -90#7 -' -W .3 '0&< -$ 70 76% .'8.P
/%'7 WP&-C 9%-< v3%% h: ! * !)-w ! Q' - '07 ./%-$ %W1 %&.< %'7 U 76% �&-:: $-R R .$$ 9 %
3-7.3h%/ '07 0'$C -7 76% -':$%

θB
U 9#7 -$30 -7 3$.:67 /.>%&%'7 -':$%3 .' 76% &-':%3

∆θ
-&0#'/

θB
! Q7 .3 1 033.9 $% 70 /%<0'37&-7% �FF� 76-7 U .' 76%3% 80'/.7.0'3 U

∆θ
U

-'/ 6%'8% 76% < -W.<#< .'7%'3.7C 02 76% �&-:: &%�%87.0'
Imax

U -&% 1&010&7.0'-$
70 1

sin θB

! n' 76% 80'7&-&CU 76% ¨�����ê � 02 76% &%�%87.0' .3 1&010&7.0'-$ 70 1
cos θB

�
6%'8% 76% .'7%:&-7%/ .'7%'3.7CU &0#:$C :.S%' 9C

ImaxB
U R .$$ 9 % 1&01 0&7.0'-$ 70 §

IH ∝ ImaxB ∝ 1

sin 2θB

* ! + 3%80'/ :%0<%7&.8-$ 2-870& -&.3%3 2&0< 76% 2-87 76-7 U .' - 80<1$%7%$C &-'/0<
3%7 02 1-&7.8$%3 U 76% '#<9%& 02 8&C37-$$.7%3 0&.%'7%/ -7 - /%h'.7% /.&%87.0' .3 '07
80'37-'7 U 9#7 /%1 %'/3 0' 76%.& 0&.%'7-7.0' ! (0'3./%&.': 76% < -11.': 02 76%
R60$% 0&.%'7-7.0'3 0' - 316%&% v3%% h: ! * !)9 w U .7 8-' 9% 20#'/ 76-7 76% '#<9%&
02 1-&7.8$%3 2-S0#&-9$C 0&.%'7%/ 20& - �&-:: &%�%87.0' U -'/ 6%'8% 76% .'7%:&-7%/
.'7%'3.7CU .3 1&010&7.0'-$ 70

cos θB
!

4 ! + $-37 76.&/ 80'7&.9#7.0' /%1 %'/3 0' 76% :%0<%7&C 02 76% /.> &-870< %7%& ! Q'
76% 8-3% 02 - Y%9C%PT86%&&%& /.> &-870< %7%& U 76% < %-3#&%/ .'7%:&-7%/ .'7%'3.7C .3
0'$C - 3< -$$ 1-&7 02 76% 707-$ .'7%'3.7C 02 76% /.>&-87.0' 80'% U /#% 70 76% h'.7%
/.< %'3.0'3 02 76% /%7%870& U -'/ .3 1&01 0&7.0'-$ 70 1

sin 2θB

�FF� !
56% 0S%&-$$ %>%87 02 76%3% 76&%% 80'7&.9#7.0'3 .3 %W1&%33%/ 9C 76% ������A � �¡��� §

Lorentz factor ∝ 1

sin2 θ cos θ
v* !4  w


M� e����������� ����������
Q7 /%1 %'/3 0' 76% 37-7% 02 1 0$-&.3-7.0' 02 76% .'8./%'7 WP&-C 9%-< U -'/ 76% -':$% 02
/.> &-87.0' ! + 3 -$&%-/C 360R' .' 3#93%87 ! * ! ! U %S%' .2 76% .'8./%'7 &-/.-7.0' .3 707-$$C
#'10$-&.3%/ U '%S%&76%$%33 76% /.> &-87%/ $.:67 &%3#$73 10$-&.3%/ U -'/ 76% h'-$ .'7%'3.7C
/%1 %'/3 0' 76% �&-:: -':$%

θ
76&0#:6 76% 1 0$-&.3-7.0' 2-870& §

P =
1

2
(1 + cos2 2θ) v* !4*w
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X0&% 80<1$%W %W1&%33.0'3 /%38&.9 % 76% 1 0$-&.3-7.0' 9%6-S.0#& R6%' 76% &-/.-7.0' .3

< 0'08&0< -7.3%/ 9C - 8&C37-$ U 0& 76% &-/.-7.0' .3 1&0/#8%/ 9C - 3C'86&07&0' �FA� ! 56%
G0&%'7i -'/ 76% 10$-&.3-7.0' 2-870& -&% #3#-$$C 7&%-7%/ -3 - 3.':$% 80&&%87.0' 2-870& U
8-$$%/ 76% �^ 80&&%87.0' ! 56% :$09-$ %>%87 02 76% �^ 80&&%87.0' .3 70 /%8&%-3% 76%
.'7%'3.7C 02 76% &%�%87.0'3 -7 .'7%&< .%/.-7% -':$%3 U 80<1-&%/ 70 7603% .' 20&R-&/ -'/
.' 9-8,R-&/ /.&%87.0'3 !


M� �{���e���� ����������
56% 7&-'3< .33.0' 2-870&

T
.3 &%$-7%/ 70 76% -930&17.0' 02 76% .'8./%'7 -'/ /.>&-87%/

&-/.-7.0' U R6.86 U 9 %20&% -'/ -27%& 76% 38-77%&.': %S%'7 U 8&033%3 76% 31 %8.< %' 20& - R6.$% !
56% .'7%'3.7C 02 76% 9 %-< .3 &%/#8%/ $%-/.': 70 76% � ��� ù� �j������ §

I

I0
= exp(−µx) v* !44w

R6%&%
µ

.3 76% $.'%-& -930&17.0' 80%¦ 8.%'7 02 76% 3-<1$% ! n9S.0#3$CU 76% 1-76 $%':76
x

/%1%'/3 0' 76% 10.'7 R6.86 38-77%&3 76% WP&-C3 -'/ 0' 76% 36-1 % 02 76% 3-<1$% ! 56%
S-$#% 02

T
U 76% 7&-'3< .33.0' 2-870& 02 76% R60$% 8&C37-$ U .3 097-.'%/ 9C .'7%:&-7.': 76%

1&%S.0#3 %W1&%33.0' 0S%& 76% 707-$ 8&C37-$ S0$#<% §

T =
1

V

∫

V

exp(−µx)dV v* !4@w
n' 76% 076%& 6-'/ U 76%

µ
S-$#% 8-' 9% %S-$#-7% 2&0< 76% <-33 -930&17.0' 80 %¦ 8.%'7

02 76% -70< 3 1&%3%'7 0' 76% #'.7 8%$$ ! 56% -930&17.0' 80%¦ 8.%'7 .3 3< -$$%& 20& $.:67%&
-70< 3 -'/ 20& 360&7%& R-S%$%':763 02 76% W &-/.-7.0' !

Q7 .3 09S .0#3 76-7 U .2 - &0#:6 %37.< -7% 02
T

.3 %-3C 70 /0 U 0' 76% 80'7&-&C 76% -'-$C7.P
8-$ &%30$#7.0' 02 76% .'7%:&-$ .3 <#86 <0&% /.¦ 8#$7 ! VS%' .2 '#< %&.8-$ -11&0-86%3 %W .37 U
-930&17.0' 37.$$ &%< -.'3 0'% 02 76% <0&% 3%&.0#3 30#&8% 02 %&&0& .' 76% /%7%&< .'-7.0' 02
76% .'7%:&-7%/ .'7%'3.7.%3 ! G#8,.$CU 76% 2#$$%&./%3 37#/.%/ .' 76.3 R0&, -&% 86-&-87%&.3%/
9C <0$%8#$%3 R .76 $.:67 -70< 3 v8-&90' U $.76 .#< -'/ 30/.#< w � 76.3 2-87 1 %&< .77%/ 70
.:'0&% U .' h&37 -11&0W .< -7.0' U 76% -930&17.0' %>%873 !

Ê »ü n ¾Ð·³¸Î²¸´± ´Ï ²Ó¾ ¾ZÎ¾³¸ÿ ¾±²Í½ ÍÎÎÍ³Í²¶Ð ¶Ð¾µ
Q' 76.3 R0&, U 3%S%&-$ 1 0R/%& WP&-C3 /.> &-870< %7%&3 R%&% #3%/ U 9 076 $-90&-70&C -'/ .'
3C'86&07&0' 2-8.$.7.%3 ! Q' 76% 20$$0R .': 3%87.0' - 9&.%2 /%38&.17.0' 02 76%3% .'37&#<%'73
R-3 :.S%' !
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-w 9w
".:#&% * ! Z § -w 56% 386%< % 02 - /0#9$% a09%$ X .&&0& 3C37%< ! 9w 56% < -.' R .'/0R .'a+YYT § 76% *Y .< -:% 02 76% /.>&-87.0' 80'%3 -&% R%$$ S .3.9 $% !
ë Û� ÛÚ oãâçäãðçä� h\äã� å �îäãïðçæßðßä
56% 1&%$.< .'-&C 86-&-87%&.3-7.0' 02 76% 3-<1$%3 R-3 1 %&20&< %/ 0' - � ��_ �� £ p ���¥¡�õ�� R .76 q�££� /.>&-870< %7%& U 01 %&-7.': .' Y%9C%PT86%&&%& :%0< %7&C -'/ #3.':
- 3%-$%/ 7#9 % :%'%&-70& vCuKαw ! 56% :%0< %7&C .<103%3 76-7 - 1-&-$$%$ < 0'086&0P
< -7.8 9 %-< 9%-&3 0' 76% 31 %8.< %' ! 50 097-.' 76.3 2%-7#&% U - 3016.37.8-7%/ 3C37%< 02
<0'086&0< -7.3-7.0' -'/ 208#33.': U 80'3.37.': 02 - /0#9$% q�¨�� � ������ vh: ! * ! Z-w U.3 .'3%&7%/ 9 %7R%%' 76% :%'%&-70& -'/ 76% 31 %8.< %' ! 56% 1-&-$$%$ -'/ <0'086&0< -7.8
9 %-< 097-.'%/ vλ = 1.540612 Àw 1-33%3 76&0#:6 - 80$$.< -70& U R603% 1.'60$%3 /.-< %P
7%&3 8-' 9% 86-':% U -'/ &%-86 76% 8-1.$$-&C 1$-8%/ .' 76% 8%'7&% 02 76% :0'.0< %7%& ! 56%
<037 .<10&7-'7 2%-7#&% 02 76% -11-&-7#3 .3 &%1&%3%'7%/ 9C 76% WP&-C /%7%87.0' 3C37%< U
R6.86 80'3.373 02 -' é r ¥� ø�k ���� £ ���¡��� § 76 .3 .3 - 7R0P/.< %'3.0'-$ <#$7.PR .&% 1&0P
10&7.0'-$ 80#'7%& vX�B(wU R6.86 1&0S./%3 - $-&:% .< -:.': -&%- v11.5

8< /.-<%7%&w20& 76% /%7%87.0' 02 WP&-C3 ! 56% 86-<9%& .3 h $$%/ R .76 - O%o<%76-'% :-3 < .W7#&% U
R6.86 .0'.3%3 R6%' .'7%&-873 R .76 -' WP&-C 16070' .' 76% &-':%

3−15
�� � 76% 80$$%87%/

.< -:% U - /-7- 2&-< % 02  Z*@W  Z*@ 1.W%$3 U .3 3%'7 70 - B( U R6%&% 76% /-7- 1&08%33.': .3
< -/% 9C 76% a+YYT 1&0:&-< v3%% h: ! * ! Z9w ! 56% -8g#.3.7.0' 3C37%< .3 S%&C %¦ 8.%'7
v80Èw -'/ 8-' 9%

100
7.< % 2-37%& 76-' - 7&-/.7.0'-$ 38.'7.$$-7.0' 80#'7%& 0& 76-' -

BTY U %S%' .2 76% 16070' �#W 0' 76% 3-<1$% .3 '07 S%&C 6.:6 ! X0&%0S%& U - *Y .< -:%
02 76% /.> &-87.0' 1-77%&' 1&0S./%3 < 0&% .'20&< -7.0' 76-' - 7&-/.7.0'-$

2θ
38-' U -3 20&

%W-<1$% - /.&%87 80'7&0$ 0' 1&%2%&&%/ 0&.%'7-7.0'3 02 76% 8&C37-$$.7%3 .' 76% 3-<1$% ! 56%
<-.' /.3-/S-'7-:% 02 -' -&%- /%7%870& .3 &%1&%3%'7%/ 9C 76% $0R -':#$-& &%30$#7.0' .'
2θ v∼ 0.03◦

R .76 76% /%7%870& -7 - /.37-'8% 02
20

8< 2&0< 76% 3-<1$% U -9 0#7 7%' 7.< %
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".:#&% * !  § + 1.87#&% 02 76% 10R/%& /.> &-870< %7%& -7 76% 9 %-<P$.'% QY4 !
$%33 76-' .' - �&-::P�&%'7-'0 /.> &-870< %7%&w U R6.86 .3 $.< .7%/ 9C 76% /%'3.7C 02 76%
R .&%3 .' 76% 86-<9%& ! 56% 2-37 -8g#.3.7.0' 02 76% WP&-C /.>&-870:&-< .3 1-&7.8#$-&$C
3#.7-9$% 20& <0'.70&.': 37&#87#&-$ 16-3% 7&-'3.7.0'3 .' - 3-<1$% U 20& %W-<1$% /#&.': -
76%&< -$ 7&%-7< %'7 � 76.3 ,.'/ 02 37#/C .3 -S-.$-9$% 76-',3 70 76% 1&%3%'8% 02 - 2#&'-8%
R6.86 8-' 6%-7 76% 31 %8.< %' #1 70

800
� !

ë Û� Ûë G�íïÞäçðäçí h\äã� å �îäãïðçæßðßäò
56% <-.' 3%33.0' 02 < %-3#&%< %'73 R-3 1 %&20&< %/ -7 VTf" va&%'09$% U "&w -7 76% 9 %-<P
$.'% QY4 U R6.86 &%1&%3%'73 76% �37-7% 02 -&7� 02 1 0R/%& /.> &-87.0' ! 56% /.>&-870< %7%&
v3%% h: ! * !  w 1&%3%'73 76% Y%9C%PT86%&&%& :%0<%7&C -'/ .3 8-1-9$% 02 01 %&-7.': R .76
16070' %'%&:.%3 .' 76% &-':%

5−60
�%� ! 56% WP&-C 9%-< .3 :%'%&-7%/ 9C -' #'/#$-70& U

-'/ .3 86-&-87%&.3%/ 9C S%&C 6.:6 9&.$$.-'8% v-9 0#7 102216070'o3%8·<&-/w � 6%'8% 76%
9 %-< .3 < 0'086&0<-7.3%/ -'/ 6.73 76% 3-<1$% ! 56% /.> &-87%/ 16070'3 -&% 80$$%87%/
9C - 3%&.%3 02

9
10.'7P/%7%870&3 U R6.86 :#-&-'7%% - S%&C 6.:6 -':#$-& &%30$#7.0' !

56% 3-<1$% %'S.&0'< %'7 .3 &%1&%3%'7%/ U 80'8%&'.': 76% 8&C0:%'.8 -11-&-7#3 U 9C
- 80$/P'.7&0:%'P:-3 9$0R%& U R6.86 1 %&< .73 70 R0&, .' 76% &-':%

80 − 500
� U -'/ -

$.g#./P6%$.#<P800$%/ 8&C037-7 U R6.86 8-' $0R%& 76% 7%<1%&-7#&% 02 76% 31 %8.< %' /0R'
70

2.5
� � 20& 76% 6.:6 7%<1%&-7#&%3 U / .>&-87.0' <%-3#&%< %'73 8-' 9% 1%&20&< %/ #1 70



; Å� Å �_`[��Ã ^�\] \Æ ^Á_ _<Ã_���_] ^ÂÇ ÂÃÃÂ�Â^�` �`_� @)
∼ 1500◦

( R .76 - < .&&0& 2#&'-8% -'/ B7 8-1.$$-&C � 076%&R .3% g#-&7i 8-1.$$-&C 8-' 9%
6%-7%/ #1 70

950◦
( R .76 -' 607P-.& 9$0R%& !

T%S%&-$ 10R/%& /.> &-87.0' < %-3#&%< %'73 R%&% 1 %&20&< %/ -$30 -7 76% �ô��� � � ê �� ���¡� 02 76% B-#$ T86%&&%& Q'37.7#7% vTGTPBTQ U � .$$.:%'Ps#&.86 U (;w U -7 76% 9 %-< P
$.'% OZ@T+ ! 56.3 9 %-< P$.'% 3%g#%'7.-$$C 3%&S%3 76&%% %'/P37-7.0'3 § WP&-C 70< 0:&-16.8
< .8&03801C vO5X wU �� ���� 3#&2-8% /.> &-87.0' vTY w -'/ 10R/%& /.>&-87.0' ! � .76
&%31 %87 VTf"PQY4 U 76% 1 %&20&< -'8%3 02 76.3 9 %-< $.'% -&% 3$.:76$C R0&3% § 76% %'%&:C
&-':% .3 9 %7R%%'

5−40
�%� U 76% 16070' �#W &%3#$73 ∼ 1013 16070'o3%8 -7

10
�%� ! 56%

-8g#.3.7.0' 02 76% /-7- .3 1&0S./%/ 9C - 8&C37-$ -'-$C3%& U 80'3.37.': 02
5
10.'7 /%7%870&3 U

R6.86 1%&< .73 70 097-.' 6.:6 &%30$#7.0' /.>&-870:&-< 3 v9 %77%& 76-'
0.005◦w !
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u ª v ª
 
« ����	
�	«5 �
 ¯� ®®�����


°±²³´µ¶·²¸´±
f-<-' 31%87&03801C .3 -' .<10&7-'7 -'/ 10R%&2#$ 700$ 02 .'S%37.:-7.0' 02 30$./3 ! 56%
7%86'.g#% .3 9-3%/ 0' f-< -' %>%87 U /.380S%&%/ 9C ( ! � ! f-<-' .'  )*E � 76.3 .3 -
� �� ��� ��� 38-77%&.': 1&08%33 U .' R6.86 %$%87&0< -:'%7.8 &-/.-7.0' .'7%&-873 R .76 76%
S.9&-7.0'-$ <0/%3 02 76% <0$%8#$%3 02 76% 3-<1$% !

Q' 76.3 86-17%& 76% <037 .<10&7-'7 2%-7#&%3 02 76% f-<-' 31%87&03801C -'/ .73
-11$.8-7.0' 70 2#$$%&%'% 3C37%< 3 R .$$ 9 % /.38#33%/ ! Q' 1-&7.8#$-& U h&37 - g#-$.7-7.S%
.'7%&1&%7-7.0' 02 76% 38-77%&.': 1&08%33 .3 :.S%' v3%8 ! 4 ! w U -'/ - 8$-33.8-$ 76%0&C 02
f-<-' %>%87 .3 %W1 03%/ v3%8 ! 4 !*w ! 56%' U 76% < -.' S.9&-7.0'-$ 1&01 %&7.%3 02 (

60
-'/

2#$$%&./%3 -&% .'7&0/#8%/ v3%8 ! 4 !4w U R .76 1-&7.8#$-& -77%'7.0' 70 76% 16C3.8-$ .'20&< -7.0'
R6.86 8-' 9% .'2%&&%/ 2&0< - f-<-' 31%87&#< ! Q' 76% $-37 1-&7 02 76% 86-17%& U - 9&.%2
/%38&.17.0' 02 76% %W1 %&.< %'7-$ -11-&-7#3 #3%/ .3 :.S%' v3%8 4 !@w !

Ñ »º ÒÓ¾ Ð·Í²²¾³¸±Õ Î³´·¾ÐÐ¾Ð
Ü ÛÚÛÚ w ã� èß �@Þ ãíå w ãæãí òïãððßä �í@
�6%' <0'086&0<-7.8 $.:67 .3 .'8./%'7 0' - 7&-'31-&%'7 30$./ v20& 3.<1$.8.7C 76% -/P
30&17.0' 16%'0<%'0' .3 6%&% .:'0&%/ w U 76% &-/.-7.0' .3 38-77%&%/ ! Q2 76% 31 %87&#< 02
76% 38-77%&%/ $.:67 .3 -'-$C3%/ U '07 0'$C 76% 2&%g#%'8C

ωI
02 76% .'8./%'7 &-/.-7.0' .3

093%&S%/ U 9#7 -$30 1-.&3 02 '%R 2&%g#%'8.%3 02 76% 7C1 %
ωI ± ωM

-&% 1&%3%'7 ! Q' 76.3
3.<1$% %W-<1$% 76% 7R0 < -.' 80'7&.9#7.0'3 70 76% 38-77%&.': 16%'0< %'0' -&% 1&%3%'7 §
76% 80<10'%'7 ô ��ê ��� 86-':% 02 2&%g#%'8C R .76 &%31 %87 70 76% .'8./%'7 &-/.-7.0' .3
8-$$%/ k�¤��� ê � ¡�������  U R6%&%-3 76% 80<10'%'73 ô ��ê 86-':% 02 2&%g#%'8C -&% /#%

F 



F* [ÁÂÃ ^_� Ö Å �Â�Â] `Ã_[^�\`[\Ã � �] Æ �ÇÇ_���_`

-w 9w
".:#&% 4 ! § 56% 386%< -7.8 %$%87&0'.8 7&-'3.7.0' /#&.': f-C$%.:6 38-77%&.': -w U -'/f-< -' vT70,%3w 38-77%&.': !
70 76% k�� �� � ¡�������  ! Q' 1-&7.8#$-& U 76% 80<10'%'7 -7 2&%g#%'8C

ωI −ωM
.3 '-<%/� ��_ �� k�� �� ¨���U R6%&%-3 76% 80<10'%'7 -7 2&%g#%'8C

ωI +ωM
.3 '-<%/ ����¥� ��_ ��k�� �� ¨���!

56%&% %W .37 3%S%&-$ -11&0-86%3 20& 7&%-7.': 38-77%&.': 16%'0< %'- § - 1#&%$C 8$-33.8-$
0'% R6.86 .3 0'$C 1-&7.-$$C %W6-#37.S% U 9#7 R6.86 .3 3#¦ 8.%'7 20& 0#& 1#&103%3 -'/ R .$$
9 % /%S%$01 6%&% ! + g#-'7#< <%86-'.8-$ 7&%-7< %'7 R6.86 &%7-.'3 76% 8$-33.8-$ <0/%$ 02
76% &-/.-7.0' 1%&< .73 70 097-.' g#.7% 3-7.32-870&C -'/ 80<1$%7% %W1$-'-7.0' ! "#&76%& U
76%&% .3 -$30 - 707-$$C g#-'7.8 -11&0-86 U 9076 20& 76% &-/.-7.0' -'/ 76% < -7%&.-$ 3C37%<
%S%' <0&% /%7-.$%/ -'/ %W6-#37.S% �FD� !

Ü ÛÚÛë ú xáãè�ðãð �Eß ßh� èãíãð �çí
50 #'/%&37-'/ g#-$.7-7.S%$C 76% f-.$%.:6 -'/ f-<-' %>%873 U .7 .3 #3%2# $ - 3.< 1$% <0/%$
9-3%/ 0' 76% 16070' /%38&.17.0' 02 %$%87&0< -:'%7.8 &-/.-7.0' v3%% h: ! 4 ! w ! �%20&% 76%
.'7%&-87.0' U 76% &-/.-7.0' 8-' 9 % &%1&%3%'7%/ -3 - 3C37%< 02

nI
16070'3 R .76 %'%&:C

~ωI-'/ 2&%g#%'8C
ωI

! 56% .'7%&-87.0' 02 76% &-/.-7.0' R .76 76% < 0$%8#$%3 02 76% 3-<1$%
$%-/3 70 76% -''.6.$-7.0' 02 0'% 16070' 02 %'%&:C

~ωI
U 76% 8&%-7.0' 02 - '%R 16070' 02

%'%&:C
~ωS

-'/ 76% 7&-'3.7.0' 02 76% <0$%8#$% 2&0< 76% :&0#'/ 37-7% R .76 %'%&:C
Ei70 76% %W8.7%/ 37-7% R .76 %'%&:C

Ef
� .7 &%3#$73

Efi = ~(ωI − ωS)
-'/

ωS = ωI − ωfi
!

Q7 .3 R0&76 70 '07% 76-7 .' 76.3 1&0 8%33 76% %'%&:C
~ωI

/0%3 '07 80&&%310'/ 70 -'C
%$%87&0'.8 7&-'3.7.0' %'%&:C 02 76% <0$%8#$% U -'/ 76% .'8./%'7 16070' .3 '07 -930&9 %/
.' 76% 37&.87 31 %87&03801.8 3%'3% ! ;%'8% 76%&% .3 '0 80'3%&S-7.0' 02 %'%&:C .' 76.3 37-:% �
-930&17.0' R .760#7 80'3%&S-7.0' %'%&:C .3 8-$$%/ õ������ �¨� ��� ���� -'/ 76% &%3#$7.':
37-7% .3 8-$$%/ õ������ �����! 56% &-/.-7.0' -27%& 76% 38-77%&.': 80'3.373 02

(nI − 1)16070'3 02 %'%&:C
~ωI

-'/ 0'% 16070' 02 %'%&:C
~ωS

! 56% 1&0 8%33 ¹ #37 /%38&.9 %/ .3
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76% � ��_ �� k�� �� � ¡�������  U 9 %8-#3%

Ef > Ei
! �#7 .' :%'%&-$ 76% < 0$%8#$%3 02 76%

30$./ 80#$/ 9 % .' -' %W8.7%/ 37-7% -$&%-/C ¨�� ��� 76% 38-77%&.': R .76 76% 16070' � .'
76.3 8-3% 76% .'8./%'7 16070' 1&0<07%3 - S.&7#-$ 7&-'3.7.0' R6.86 9&.':3 76% < 0$%8#$%
70 76% :&0#'/ 37-7% U 76%'

ωS = ωI + ωfi
-'/ 76% 16%'0<%'0' .3 8-$$%/ ����¥� ��_ ��k�� �� � ¡�������  ! n9S.0#3$CU 76 .3 %S%'7 &%3#$73 $%33 2-S0#&-9$% R .76 &%31 %87 76% T70,%3

38-77%&.': ! " .'-$$CU R6%'
Ef = Ei

U
ωS = ωI

-'/ 76% 16%'0< %'0' .3 8-$$%/ ������¡k�¤��� ê � ¡�������  ! .' -$$ 76% 8-3%3 U 76% &0$% 02 76% .'8./%'7 &-/.-7.0' 80'3.373 02
1 %&7#&9.': 76% <0$%8#$% -'/ 01%'.': 76% 1 033.9 .$.7C 02 - 31 %87&03801.8 7&-'3.7.0' U &-76%&
76-' 1&0S./.': - /.&%87 -930&17.0' !

Ñ »Ê ¿½ÍÐÐ¸·Í½ ²Ó¾´³þ ´Ï y Íÿ Í± Ð·Í²²¾³¸±Õ
Ü Ûë ÛÚ i �� çèß æçæßíð òßä �ßò ßh�ãíò �çí
� 6%' 76% %$%87&0< -:'%7.8 h%$/ 02 76% .'8./%'7 &-/.-7.0' 6.73 - <0$%8#$% U 76% <037
3.:'.h8-'7 <#$7.1 0$% 30#&8% 02 76% 38-77%&%/ &-/.-7.0' .3 76% 038.$$-7.': %$%87&.8 /.10$% !
56% .'7%'3.7C

I
02 76% %< .77%/ &-/.-7.0' 02 -' 038.$$-7.': /.10$% .'/#8%/ .' 76% < 0$%8#$%

9C 76% &-/.-7.0' 02 2&%g#%'8C
ωI

-$0': - /.&%87.0' < -,.': -' -':$%
θ

R .76 76% -W .3 02
76% /.10$% .3 :.S%' 9C �FD� §

I =
1

32π2ε0c
3
0

ω4
Sp

2
0 sin2 θ v4 ! w

R6%&%
p0

.3 76% -<1$.7#/% 02 76% .'/#8%/ /.1 0$% R .76 2&%g#%'8C
ωS

U R6.86 .' :%'%&-$ .3
/ .>%&%'7 2&0<

ωI
!

56% ����� ��� �¥��� ������ ���� ¡�� ���¡���¡ ��� ��� � �� ��� õ�¡��� 02 - <0$%8#$% < -C
9% R &.77%' -3 76% 3#< 02 - 3%&.%3 02 7.< %P/%1 %'/%'7 .'/#8%/ %$%87&.8 /.10$% < 0< %'7
S%870&3

p(1) U p(2) U p(3) !!!§
p = p(1) + p(2) + p(3) + ... v4 !*w

R .76
p(1) � p(2) � p(3) ! 56%C -&% 80''%87%/ 70 76% .'8./%'7 %$%87&.8 h%$/ S%870& 9C

7%'30&.-$ &%$-7.0'3 §
p(1) = α · E v4 !4w

p(2) =
1

2
β : EE v4 !@w

p(3) =
1

6
γ

!!!
EEE v4 !Fw

R6%&%
α, β, γ

-&% 76% � �����A�¨����¤ �������U &%31 %87.S%$C 02 3%80'/ U 76.&/ -'/ 20#&76
&-', ! �0&,.': .' ��� ��� ��� ��� �� ����� <%-'3 .:'0&% 76% 7%&< 3 6.:6%& 76-' h&37 0&/%& U
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-'/ 80'3./%& 0'$C 76% 1-&7 02 76% /.10$% <0<%'7 S%870& R6.86 /%1 %'/3 ��� ����¤ 0'
E
! 56.3 7%&< 1%&< .73 02 %W1$-.' 76% f-C$%.:6 -'/ f-<-' 38-77%&.': U R6%&%-3 76%

6.:6%& 7%&< 3 7-,% .' -880#'7 6.:6%& 0&/%& 1&0 8%33 U $.,% ê¤� ��¥k�¤��� ê -'/ ê¤� ��¥k�� ��
� ¡�������  U � �¡��� ê¤� ��¥k�¤��� ê -'/ � �¡��� ê¤� ��¥k�� �� � ¡�������  �FD� !

Ü Ûë Ûë ÝÞß zäòð\çäåßä � çèãä �{ãâ �è�ð� ðßíòçä
56% '%W7 37%1 .3 70 8-$8#$-7% U 20& - < 0$%8#$% U 76% 2&%g#%'8CP/%1 %'/%'7 $.'%-& .'/#8%/
/.10$% S%870&

p(1) ! + 3 360R' .' %g ! 4 !* U 76 .3 S%870& /%1 %'/3 9076 0' 76% %$%87&.8 h%$/
S%870& 02 76% .'8./%'7 &-/.-7.0' R6.86 038.$$-7%3 -7 76% 2&%g#%'8C

ωI
U -'/ 0' 76% 10$-&P

.i-9.$.7C 7%'30&
α

02 76% <0$%8#$% ! 56.3 $-37 7%&< U .' :%'%&-$ U R .$$ 9 % - 2#'87.0' 02 76%
'#8$%-& 800&/.'-7% 02 76% <0$%8#$% U -'/ 6%'8% 02 76% <0$%8#$-& S.9&-7.0'-$ 2&%g#%'8.%3 !
"0& 3.<1$.8.7CU - <0$%8#$% R6.86 .3 2&%% 70 S .9&-7% U 9#7 /0 %3 '07 &07-7% U .3 80'3./%&%/ !
56% S-&.-7.0' 02 76% 10$-&.i-9.$.7C R .76 S.9&-7.0'3 02 76% <0$%8#$% 8-' 9% %W1&%33%/ 9C
- 3%&.%3 %W1-'3.0' 02 %-86 80<10'%'7

αρσ
02 76% 10$-&.i-9.$.7C 7%'30&

α
R .76 &%31 %87 70

76% ���� �� ¡���������� 02 S .9&-7.0' §

αρσ = (αρσ)0 +
∑

k

(

∂αρσ

∂Qk

)

0

Qk +
1

2

∑

k,l

(

∂2αρσ

∂Qk∂Ql

)

0

QkQl + .... v4 !Aw
R6%&%

(αρσ)0
.3 76% S-$#% 02

αρσ
-7 76% %g#.$.9&.#< 80'h:#&-7.0' -'/

Qk
U
Ql

-&% 76% '0&P
< -$ 800&/.'-7%3 02 S .9&-7.0' 02 76% <0$%8#$% -3308.-7%/ 70 76% S .9&-7.0'-$ 2&%g#%'8.%3
ωk

U
ωl

! 56% 3#< .3 0S%& -$$ '0&< -$ 800&/.'-7%3 ! Q' 76% ���¡���¡�� ê ��� ���¡ ��� ��� �� �¥
���� 76% 7%&< 3 R6.86 80'7-.' 10R%&3 02

Q
6.:6%& 76-' 76% h&37 -&% '%:$%87%/ ! X0&%0S%& U

20 8#33.': 0'$C 0' 76% 80'7&.9#7.0' 70 76% 10$-&.i-9.$.7C 2&0< 0'% '0&< -$ < 0/% 02 S .P
9&-7.0'

Qk
§

(αρσ)k = (αρσ)0 + (α
′

ρσ)kQk v4 !Dw
R6%&%

(α
′

ρσ)k =
(

∂αρσ

∂Qk

)

0

! 56% $-37 %g#-7.0' .3 S-$./ 20& -$$ 76% 7%'30& 80<10'%'73 U .7 .3
1 033.9 $% 70 R &.7% §

αk = α0 + α
′

kQk v4 !Ew
Ü Ûë ÛÜ Gðç|ßò ãíå ãíð �\Gðç|ßò âãíåò
Q' 76% -11&0W .< -7.0' 02 3.<1$% 6-&<0'.8 < 07.0' U 76% 7.< % /%1 %'/%'8% 02

Qk
80#$/ 9 %

%W1&%33%/ -3 §
Qk = Qk0

cos(wkt+ δk) v4 !)w
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R6%&%

δk
.3 - 16-3% 2-870& -'/

Qk0

.3 76% -<1$.7#/% 02 76% S.9&-7.0' ! 56%' 76% 10$-&P
.i-9.$.7C 7%'30& &%3#$73 §

αk = α0 + α
′

kQk0
cos(ωkt+ δk) v4 ! Zw

Q'7&0/#8.': '0R 76% 7.< % /%1%'/%'8% .' 76% %$%87&.8 h%$/ U
E = E0 cosωIt

-'/ 76%
7.< %P/%1 %'/%'7 S%870&

p(1) &%3#$73 §

p(1) = α0E0 cos(ωIt) + α
′

kE0Qk0
cos(ωkt+ δk) cosωIt v4 !  w

�C 76% #3% 02 7&.:0'0< %7&.8 80'3./%&-7.0'3 U .7 .3 1033.9 $% 70 %W1&%33
p(1) -3 - 3#<

02 �ê��� 7%&< 3 §
p(1) = p(1)(ωI) + p(1)(ωI − ωk) + p(1)(ωI + ωk) v4 ! *w

;%&% U 76% h&37 80'7&.9#7.0'
p(1)(ωI) = αRayE0 cosωIt

&%1&%3%'73 76% f-C$%.:6 38-77%&P
.': U R6%&% 76% 3%80'/ -'/ 76% 76.&/ 7%&< 3 -&% &%310'3.9 $% 02 76% f-< -' 38-77%&.': U
&%31 %87.S%$C 76% T70,%3 -'/ 76% -'7.PT70,%3 9-'/ §

p(1)(ωI ± ωk) = αRam
K E0 cos(ωI ± ωk ± δk)t v4 ! 4w

f-C$%.:6 38-77%&.': 8-' 9% 806%&%'7 0& .'806%&%'7 U /%1 %'/.': 0' 76% 3.7#-7.0' U
R6%&%-3 f-<-' 38-77%&.': .3 ��������¡�� �¤ �� ¡�ê ����� � .' 2-87 76% 7%&<

δk
.3 .' :%'%&-$

/.>%&%'7 20& %S%&C <0$%8#$% .' 76% < %/.#< !

Ü Ûë Û� Gßèßïð �çí äáèßò
56% '%8%33-&C 80'/.7.0' 20& f-C$%.:6 38-77%&.': .3 76-7

αRay .3 '0'Pi%&0 � 9#7 -$$ < 0$%P
8#$%3 -&% 1 0$-&.i-9$% U 76%' -$$ %W6.9.7 f-C$%.:6 38-77%&.': ! n' 76% 80'7&-&CU 76% '%8P
%33-&C 80'/.7.0' 20& f-<-' 38-77%&.': -3308.-7%/ R .76 76% <0$%8#$-& 2&%g#%'8C

ωk
.3

76-7
αRam

k

.3 '0'Pi%&0 ! 56.3 .<1$.%3 76-7 �� ����� �� � �� �ê � ¡����� ���� (α
′

ρσ)k

�� �ê �
� �����A�¨����¤ ����õ���õ �U R6.86 &%31 %87 70 76% '0&< -$ 800&/.'-7%

Qk
U �� � ��¥A ��� � 76.3

2-87 .3 '07 -$R-C3 7&#% U 9#7 /%1 %'/3 0' 76% :%0<%7&C 02 76% < 0$%8#$% !
56.3 3%$%87.0' &#$% U ¹ #37 /%&.S%/ 2&0< 8$-33.8-$ 80'3./%&-7.0'3 U .3 3.<1$% .' 80'8%17 U

9#7 .3 1&0:&%33.S%$C <0&% /.¦ 8#$7 70 -11$C -3 76% 80<1$%W .7C 02 76% < 0$%8#$% .'8&%-3%3 !
Q7 .3 .'37&#87.S% 70 80'3./%& - 80<1-&.30' 9%7R%%' f-< -' -'/ .'2&-&%/ -87.S .7C! 56%
80'/.7.0' 20& S.9&-7.0'-$ .'2&-&%/ -87.S .7C .3 76-7 �� ����� �� � �� ��� ��� � �� ��� ¡����¥� ��� ����õ���õ ��ó R .76 &%31 %87 70 76% '0&< -$ 800&/.'-7%

Qk
U �� � ��¥A ���! Q2 76% < 0$%8#$%

6-3 - 8%'7&% 02 3C<<%7&CU -3 20& %W-<1$% 2#$$%&%'% (
60

U 7603% S.9&-7.0'3 R6.86 -&% f-P
< -' -87.S% U -&% .'2&-&%/ .'-87.S% U -'/ S.8% S%&3- v&#$% 02 ������ �� ¡������ w ! n' 76%
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80'7&-&CU 20& < 0$%8#$%3 R .76 &%$-7.S%$C $0R 3C<<%7&CU -$$ 0& -$<037 -$$ S .9&-7.0'3 -&%
9 076 .'2&-&%/ -'/ f-<-' -87.S% ! X0&%0S%& U 20& 6.:6 3C<<%7&C 3C37%< 3 U 30< % S.9&-P
7.0'3 < -C 9 % 9076 f-<-' -'/ .'2&-&%/ .'-87.S% !

Ñ »Ñ } ´½¾·¶½Í³ µþ±Íÿ ¸·Ð ´Ï Ï¶½½¾³¾±¾ ¿
60

Í±µ Ï¶½½¾³¸µ¾Ð
Ü ÛÜ ÛÚ û60

æçèßïáèß ãíå �áèèßä �ðß
(

60
<0$%8#$% .3 86-&-87%&.3%/ 9C 76% 1&%3%'8% 02

174
S.9&-7.0'-$ < 0/%3 v3 × 60 − 37&-'3$-7.0'3 −3

&07-7.0'3w U 9#7 76% 6.:6
Ih

.803-6%/&-$ 3C<<%7&C &%/#8%3 70
46

76%
'#<9%& 02 76% /.37.'87 %.:%'2&%g#%'8.%3 ! Q' 76% 20$$0R .': 7-9$% -&% $.37%/ 76% 80<1$%7%
:&0#1 02 3C<<%7&C $-9 %$3 20& 76% S.9&-7.0'-$ <0/%3 02 (

60
U R .76 76%.& <#$7.1 $.8.7C -'/

/%:%'%&-8C �FE� §
Ih

l���e ��{�� 	 ����e �����K ~ �l������K y���] ��K
Ag

*  f-<-'
T1g

4 4
T2g

@ 4
Gg

A @
Hg

E F f-<-'
Au

  
T1u

@ 4 Qf
T2u

F 4
Gu

A @
Hu

D F
5-9$% 4 ! § V .:%'<0/%3 02 76% (

60
<0$%8#$% !

76% 80&&%31 0'/.': '0&< -$ <0/%3 0' 76% <0$%8#$% -&% 2-& 2&0< 9%.': .'7#.7.S% U /%P
31.7% 76% 6.:6 3C<<%7&C 02 76% 3C37%< � 76.3 9 %8-#3% 02 76% 1&%3%'8% 02 - $-&:% '#<9%&
02 8-&9 0' -70< 3 .' 76% (

60
#'.7 !

+7 76% 9 %:.''.': U 76% R60$% S.9&-7.0'-$ 2&%g#%'8C 3%7 02 (
60

<0$%8#$% R-3 097-.'%/
9C <%-3#&%3 02 .'%$-37.8 '%#7&0' 38-77%&.': �F)� � 76 .3 1&0S ./%/ /.&%87$C -$30 76% /%P
:%'%&-8C 02 76% <0/%3 U R6.86 &%3#$7%/ 1&010&7.0'-$ 70 76% .'7%:&-7%/ .'7%'3.7C 02 76%
1 %-,3 ! �#7 .' 1&-87.8% U 017.8-$ 31 %87&03801.%3 U 9 076 .'2&-&%/ -'/ f-< -' U %S%' .2 76%C
-&% 3#9¹ %87%/ 70 76% &%37&.87.0' 02 76% 3%$%87.0' &#$%3 U C .%$/%/ <0&% /%7-.$%/ -'/ $%33
-<9.:#0#3 &%3#$73 �AZ� !

Q' 1-&7.8#$-& U Qf 31 %87&03801C -$$0R 3 76% 37#/C 02 76% 20#&
T1u

S.9&-7.0'-$ < 0/%3 U
R6%&%-3 76% f-<-' -87.S% <0/%3 .' (

60
80'3.37 02 76% 7R0

Ag
-'/ 02 76% %.:67

Hg
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60

Â]� Æ �ÇÇ_���_` FD

".:#&% 4 !* § 56% 2#$$C 3C<<%7&.8
Ag

<0/%3 .' 2#$$%&%'% (
60

U 2&0< �FE� !
S .9&-7.0'3 !

"0 8#33.': 0' 76% $-37 7R0 U 76% 2#$$C 7R0 3C<<%7&.8
Ag

<0/%3 v3%% h: ! 4 !*w -&%
8-$$%/ &%31 %87.S%$C 76% ¨����ê ��  <0/% U .' R6.86 %-86 8-&90' -70< <0S%3 &-/.-$$C
2&0< 76% 8%'7&% 02 76% <0$%8#$% U 76#3 $%77.': 76% R60$% <0$%8#$% �9&%-76� � -'/ 76%
� ����  ���� � �� ¡ê <0/% U .' R6.86 76% 7R0 /.>%&%'7 9 0'/ $%':763

bhh
-'/

bph
02 (

60 v3%%3%8 !  ! w -&% <0/#$-7%/ U -'/ 76%&%20&% 76% 1 %'7-:0'-$ 2-8%3 S-&C 76%.& -&%- ! n' 76%
80'7&-&CU 76% %.:67 g#-/&#10$-&

Hg
<0/%3 U %-86 hS%20$/ /%:%'%&-7% U &%7-.' -' -W .3 02

hS%20$/ 3C<<%7&C � 76%.& &%1&%3%'7-7.0' .3 < 0&% 80<1$.8-7%/ ! T0< % 02 76% /%20&< -7.0'3
.'/#8%/ 9C 76%3% S .9&-7.0'-$ <0/%3 -&% -3308.-7%/ 70 76% =-6' 5%$$%& /.370&7.0'3 02 76%
9#8,C9-$$ �FE� v3%% 3%8 !  !4 !*w !56% %W1%&.< %'7-$ ./%'7.h8-7.0'3 02 76% S.9&-7.0'-$ 2&%g#%'8.%3 R%&% 1 %&20&< %/ 0'
2#$$%&%'% (

60
.' 76% :-3 U 30$#7.0' U 76.' h $< 3 -'/ 8&C37-$$.'% 16-3%3 ! � 6%' 2#$$%&%'%3

-&% -&&-':%/ 70 20&< 76% 30$./ 2# $$%&.7% U 76% 1&%3%'8% 02 8&C37-$ h%$/ < -,%3 30< % 3.$%'7
<0$%8#$-& S .9&-7.0'3 R%-,$C f-<-' -'/ .'2&-&%/ -87.S% ! ;0R%S%& U /#% 70 76% $0R
.'7%&-87.0'3 -<0': 76% (

60
#'.73 .' 76% �-' /%& �--$3 30$./ U 76%3% 8&C37-$ %>%873 U

%31 %8.-$$C -7 &00< 7%<1%&-7#&% U -&% S%&C 3< -$$ U -'/ - 7C1.8-$ f-< -' 31%87&#< 02



FE [ÁÂÃ ^_� Ö Å �Â�Â] `Ã_[^�\`[\Ã � �] Æ �ÇÇ_���_`
1&.37.'% (

60
80'7-.'3 0'$C 76% 7%' -87.S% <0/%3 1&%S.0#3$C /%38&.9 %/ !

56% ������ ���¡���� <0/%3 %W7%'/ 7C1.8-$$C 2&0< 4Z 70 *ZZ < %� ! p3#-$$CU .' - f-<-'
31%87&#< 76% %'%&:C 38-$% � .3 :.S%' 9C 8<

−1 � .' 76.3 #'.7 76% .'7%&S-$ 80&&%310'/3 70
240 − 1600

8<
−1 ! 56%

Ag(2)
1%'7-:0'-$ 1.'86 <0/% .3 6-&/ U -7  @DZ 8<

−1 U R6%&%-3
76% 9&%-76.': <0/%

Ag(1)
.3 -7 @)Z 8<

−1 ! 56% %.:67
Hg

<0/%3 &-':% .' %'%&:C 2&0<
76% S%&C 3027 3g#-36 <0/%

Hg(1)
-7 *DZ 8<

−1 70 76% 6-&/ =-6' 5%$$%& < 0/%
Hg(8)

-7
 FDF 8<−1 ! + 3 80<1-&.30' U 76% 20#& .'2&-&%/

T1u
-87.S% <0/%3 -&% $0 8-7%/ &%31 %87.S%$C

-7 F*D U FDD U   E4 -'/  @*E 8<
−1 ! �%$0R 4Z < %� -&% 1$-8%/ 76% ������ ���¡���� < 0/%3 U

86-&-87%&.37.8 02 76% 2#$$%&.7% 8&C37-$ !

Ü ÛÜ Ûë �áèèßä �åßò ú
xû60

"#$$%&./%3 -&% <0$%8#$-& 8&C37-$3 U .' R6.86 76% (
60

37&#87#&% .3 0'$C 3$.:67$C ->%87%/
9C 76% 1&%3%'8% 02 76% -$,-$. -70< 3 ! ;%'8% U 76% S.9&-7.0'-$ 2&%g#%'8.%3 8-' 9% /.&%87$C
&%$-7%/ 70 7603% 02 76% .30$-7%/ <0$%8#$% ! ;0R%S%& U 3%S%&-$ / .>%&%'8%3 .' 76% /C'-< .8
31 %87&#< 9%7R%%' 76% 2#$$%&./%3 -'/ 2#$$%&.7% -&% 1&%3%'7 U < -.'$C -&.3.': 2&0< 76% 86-&:%
7&-'32%& 2&0< 76% <%7-$ 70 76% <0$%8#$% ! 56% 86-&:% 7&-'32%& 1&0/#8%3 < -'C %>%873 §

• Q7 -$7%&3 76% 90'/P37&%786.': -'/ 90'/ 9%'/.': 20&8% 80'37-'73 U 76#3 S-&C.': 76%
&%30'-'8% 2&%g#%'8C 02 3%S%&-$ < 0/%3 !

• Q7 8-' 86-':% 76% 37&#87#&% 02 76% <0$%8#$% U 9 076 9C =-6' 5%$$%& /.370&7.0'3 U -'/
9C &%$-W-7.0' 02 76% <0$%8#$% � 76 .3 8-' .'/#8% 76% 9&0-/%'.': 02 30< % 1%-,3 /#%
70 76% $.27.': 02 76%.& /%:%'%&-7.0' !

• Q7 .'7&0/#8%3 .0'.8 20&8%3 .' 76% $-77.8% U 76#3 <0/.2C .': 76% .'7%&<0$%8#$-& 017.8-$
<0/%3

X0&%0S%& U .2 76% 2#$$%&./% /.31$-C3 < %7-$$.8 9 %6-S .0#& U 76% S.9&-7.0'-$ < 0/%3 8-' /.&%87$C
80#1$% R .76 76% 80'/#87.0'3 %$%87&0'3 U R6.86 U -3 -$&%-/C 37&%33%/ .' 8-1 !  U .' 2# $$%&%'%
9-3%/ 3C37%< 3 1&%3%'7 g#.7% 76% 3-< % %'%&:C � 76% 37&%':76 02 80#1$.': 02 76% f-<-'
<0/%3 -'/ 76% 80'/#87.0' %$%87&0'3 .3 -' .<10&7-'7 1-&-<%7%& 20& #'/%&37-'/.': 76%
7&-'310&7 1&01 %&7.%3 02 76% 80<10#'/ -'/ .73 3#1 %&80'/#87.S% 9 %6-S .0#& ! 5C1.8-$
2%-7#&%3 .' 76% f-<-' 31%87&#< /#% 70 %$%87&0'P160'0' 80#1$.': -&% 76% 9&0-/%'.':
0& 76% /.3-11 %-&-'8% 02 76% &%30'-'8% .'S0$S%/ .' 76% 80#1$.': v3%% $-7%&w !���� -�$��� '�$ "�����$ ��� ��� �$��.+  -,N� !$'� ' W

10
(�� �

80.1
-(

−1
�
100

-(
−1

�
12.5(�� 1
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60

Â]� Æ �ÇÇ_���_` F)
+ /.&%87 80<1-&.30' 02 76% f-<-' -87.S% <0/%3 .' 2#$$%&.7% (

60
-'/ .' 86-&:%P

7&-'32%& 2# $$%&./% 3-$73 360R 3 76-7 U .' 76% $-77%& U 76% 6-&/ �7-':%'7.-$� < 0/%3 -&% :%'P
%&-$$C 3027%& U 9 %8-#3% 02 76% 86-&:% 7&-'32%& .'/#8%/ %$0':-7.0' 02 76% .'7&-<0$%8#$-&
90'/ $%':763 ! n' 76% 80'7&-&C 76% 3027 9&%-76.':

Ag(1)
<0/% &%3#$73 6-&/%& �A  � U 1&09P

-9$C -3 - 80'3%g#%'8% 02 76% 86-':%3 .' 76% 8#&S-7#&% 02 76% <0$%8#$% ! + S%&C #3%/
%<1.&.8-$ &#$% .'S0$S%3 76% 6-&/

Ag(2)
<0/% � 2&0< <%-3#&%3 1 %&20&< %/ 0' 76% +

x
(

603C37%< 3 U 9C S-&C .': 76% 370.86.0< %7&C $%S%$ U .7 R-3 093%&S%/ 76-7 76% 1 %'7-:0'-$ 1.'86
<0/% /.31$-C3 - /0R'36.27 02 ∼ 5−6

8<
−1 1 %& %$%87&0' 7&-'32%&&%/ 0' 76% (

60
<0$%8#$%

�A*� U R .76 -' -$<037 $.'%-& 7&%'/ ! ;%'8% U 76% < %-3#&% 02 76%
Ag(2)

36.27 R .76 &%31 %87
76% &%2%&%'8% S-$#% 02 1&.37.'% (

60 v @A) 8<
−1 -7 4ZZ � w .3 - g#.7% 80'h/%'7 < %760/

#3%/ 70 %S-$#-7% 76% �? �¡��õ � 86-&:% 7&-'32%& .' - 2#$$%&./% !
Q' < %7-$3 U 76% f-<-' $.'% R ./76 80#$/ 9% .'8&%-3%/ 9 %8-#3% 02 76% 1&%3%'8% 02

7R0 <-.' 38-77%&.': 86-''%$3 � - 7R0P16070' /%8-C 86-''%$ U R6.86 .3 -3308.-7%/ R .76
76% 1&%3%'8% 02 -' -'6-&<0'.8 8&C37-$ 1 07%'7.-$ U %>%87 R6.86 .3 #3#-$$C 3< -$$ .' (

6080<10#'/3 �A4� � -'/ - %$%87&0'P160'0' 38-77%&.': 86-''%$ ! 56.3 $-37 %>%87 6-3 9 %%'
%W7%'3.S%$C 37#/.%/ .' 2#$$%&%'% 3C37%< 3 U -'/ - 37&0': 80#1$.': 9 %7R%%' 80'/#87.0'
%$%87&0'3 -'/ 76%

Hg
<0/%3 R-3 /%7%87%/ .' +

3
(

60 v+�� U f9w <%7-$$.8 2#$$%&./%3
�A@ U A4� ! Q' 1-&7.8#$-& U 76% 9&0-/%'.': 02 76% f-<-' <0/%3 8-' 9% #3%/ -3 - <%-3#&%
02 76% %$%87&0'P160'0' 80#1$.': 37&%':76 � 76% 160'0' $.'% R ./76 9&0-/%'.':

∆Γ
.3

&%$-7%/ 70 - /.< %'3.0'$%33 %$%87&0'P160'0' 80#1$.': 80'37-'7
λ

9C 76% 20&<#$- §

λ =
∑

i

λ1 =
∑

i

C
∆Γi

ω2
i

[

1

N(εf )

]

v4 ! @w
R6%&%

ωi
.3 76% /.38&%7% 160'0' 2&%g#%'8C 20& 76%

i
P76 <0/% U

C = di

π

U -'/
di

.3 76%
/%:%'%&-8C 02 76%

i
76 <0/% ! 5C1.8-$ S-$#%3 02

λ
20#'/ .' +

3
(

60
-&%

0.5 − 0.6
U .' :00/

-:&%%< %'7 R .76 76% 76%0&%7.8-$ 1&%/.87.0' !
T0<% S.9&-7.0'-$ <0/%3 .' < %7-$$.8 80<10#'/3 8-' -$30 /.31$-C -3C<<%7&.8-$ 9&0-/P

%'.': U /#% 70 76% 1&%3%'8% 02 F��� ��� ���� ¡��! 56.3 36-1% -&.3%3 R6%' - ��� ¡���� S.P
9&-7.0'-$ <0/% 80#1$%3 R .76 - k�� ��¥�¡��õ � ¡�������� U R6.86 .3 &%1&%3%'7%/ 9C 76%
80'/#87.': %$%87&0'3 ! Q' 76.3 8-3% 76% $.'%P36-1% .3 /%38&.9 %/ 9C 76% %g#-7.0' �A4� §

I = I0

[

1 +
ω − ω0

Γ

1

q

]2

/

[

1 +
(ω − ω0)

2

Γ2

]

v4 ! Fw
R6%&%

ω
.3 76% &%'0&< -$.i%/ /.38&%7% 160'0' 2&%g#%'8CU 1

q

.3 76% 37&%':76 02 76% 80#P
1$.': 9 %7R%%' 76% 80'7.'##< -'/ 76% /.38&%7% <0/% U

Γ
.3 76% R ./76 02 76% &%30'-'7
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".:#&% 4 !4 § 56% -3C<<%7&.8 9&0-/%'.': 02 76%
Hg(1)

<0/% .' -w f9
3
(

60
-'/ 9w .'�

3
(

60
80'/#87.': h $< 3 U R%$$ h77%/ R .76 - "-'0 $.'%P36-1 % �A4� !

.'7%&2%&%'8% 9 %7R%%' 76% 80'7.'##< -'/ /.38&%7% 38-77%&.': 86-''%$3 ! + 7C1.8-$ "-'0
$.'%P36-1% .3 360R' .' h: ! 4 !4 !

Ü ÛÜ ÛÜ �çè�æßä �òßå �áèèßäßíßò
f-< -' 31%87&03801C .3 - 10R%&2#$ < %760/ -$30 70 86-&-87%&.3% -'/ 37#/C (

60
10$C<%&.8

37&#87#&%3 U 9 076 /01%/ -'/ #'/01 %/ 16-3%3 ! � 6%' 80S-$%'7 90'/3 %37-9.$.36 -<0':
76% 2#$$%&%'% #'.73 U 37&0': 86-':%3 -&% 09S.0#3$C %W1 %87%/ .' 76% /.31 %&3.0' 8#&S%3 02
76% .'7%&< 0$%8#$-& 160'0'3 U .' 76% $0R %'%&:C &-':% U 9 %8-#3% 76% 20&8% 80'37-'73 02 76%
$.9&-7.0' <0/%3 -&% /.>%&%'7 .' - 10$C< %& U R .76 &%31 %87 - �-' /%& �--$3 30$./ ! x%SP
%&76%$%33 U 76% /%20&< -7.0' 02 76% 2#$$%&%'% 8-:% .'/#8%/ 9C 76% ��3 6C9&./.3%/ 8-&90'3
8-#3%3 2#&76%& 86-':%3 -$30 .' 76% .'7&-< 0$%8#$-& <0/%3 ! "#&76%&<0&% U 10$C< %&.3-7.0'
:%'%&-$$C .'/#8%3 - $0R%&.': .' 76% 8&C37-$ 3C<<%7&C -'/ 6%'8% - <0/.h8-7.0' 02 76%
8&C37-$ h%$/ 0' 76% <0$%8#$% U 76#3 < -,.': 76%3% %>%873 '0 <0&% '%:$.:.9$% !

56% < -.' 2%-7#&% 02 76% f-< -' 31 %87&- 02 1 0$C< %&.8 3C37%< .3 :%'%&-$$C 76% 1&%3%'8%
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60

Â]� Æ �ÇÇ_���_` A 

".:#&% 4 !@ § f-<-' 31 %87&- 20& -w 1#&% *Y 7%7&-:0'-$ 10$C< %&.3%/ (
60

U 9 w *Y 10$CP< %&.3%/ x-
4
(

60
-'/ 8w < %7-$$.8 �

3
(

60
7-,%' -7

300
� ! 56% 76.8, $.'%3 -7 76% 701 0276% h:#&% 360R 76% 1 03.7.0'3 07 76% 7%' f-<-' -87.S% < 0/%3 02 1&.37.'% (

60

�AF� !
02 < -'C 1 %-,3 .' 76% .'7&-< 0$%8#$-& 2&%g#%'8C &-':%

200−1600
8<

−1 v3%% h: ! 4 !@w ! Y#%
70 76% $.27 02 76%

Hg
<0/%3 hS%P20$/ /%:%'%&-8CU #1 70 ∼ 40

1%-,3 80#$/ 9 % /%7%87-9$% !
56%

Ag(2)
&%30'-'8% .3 /0R'36.27%/ 9C 76% 1&%3%'8% 02 80S-$%'7 90'/3 .' 76% 9#8,C9-$$ U

.' -'-$0:C R .76 76% 86-&:% 7&-'32%& � - 3.< .$-& %<1.&.8-$ &#$% 3#::%373 - /0R'36.27 2&0<
76% S-$#% 02 1&.37.'% #'10$C< %&.3%/ (

60
02 ∼ 5.5

8<
−1 1 %& .'7%&<0$%8#$-& 90'/ �AA U AF� !

x%S%&76%$%33 U 76% -11$.8-7.0' 02 76.3 &#$% .3 37.$$ /%9-7%/ U %31 %8.-$$C .' 3C37%< 3 9076
86-&:%/ -'/ 10$C< %&.3%/ U R6%&% .7 3%%< 3 70 2-.$ �  � ! + 2#&76%& -<9.:#.7C -&.3%3 2&0<
76% /.>%&%'8% 02 76% 36.27 20& 76% 7R0 90'/.': <07.S%3 02 (

60
U R6.86 360#$/ $%-/ 70

/.>%&%'7 /0R'36.273 02 76% 1 %'7-:0'-$ 1.'86 <0/% �AF� !
+'076%& h':%&1&.'7 02 2# $$%&%'% 10$C< %&.3-7.0' .3 :.S%' 9C 76% 1&%3%'8% .' 76% f-P

< -' 31 %87&#< 02 - 7C1.8-$ &%30'-'8% -7 ∼ 1000
8<

−1 U R6.86 .3 '07 /%7%87-9$% .'
#'10$C< %&.3%/ 3C37%< 3 � 76.3 <0/% 3%%< 3 70 -&.3% 2&0< 76% 20#&P< %<9%&%/ 8-&9 0' &.':
37&%786.': U R6.86 20&< 3 R6%' 7R0 2#$$%&%'%3 $.', 9C �*É*� 8C8$0-//.7.0' &%-87.0' �AD� !
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56% 3-<% 37&%786.': <0/% .3 -$30 093%&S%/ .' 76% f-< -' 31%87&#< 02 8C8$09#7-'% !
;0R%S%& U 76% 1&%3%'8% 02 76.3 &%30'-'8% -$30 .' 76% 3.':$% 9 0'/%/ *Y 10$C< %& x-

4
(

60�AF� v-7 )D@ -'/ )EZ 8<
−1w 1#7 30< % /0#97 0' 76.3 -33.:'<%'7 -'/ $%-/ 70 76% 6C1076P

%3.3 76-7 76.3 <0/% 80#$/ &%1&%3%'7 -$30 30< % 076%& S.9&-7.0'3 U -'/ < -C 9% -3308.-7%/
70 76% :%'%&.8 1&%3%'8% 02 ��3P7C1 % .'7%&<0$%8#$-& 90'/3 !

Ñ »ü n ¾Ð·³¸Î²¸´± ´Ï ²Ó¾ ¾ZÎ¾³¸ÿ ¾±²Í½ ÍÎÎÍ³Í²¶Ð
56% f-<-' <%-3#&%< %'73 /#&.': 76.3 R0&, R%&% &%80&/%/ .' 9-8,38-77%&.': :%0<%7&C
v3%% h: ! 4 !Fw R .76 - f%'.36-R

1000
< .8&0f-<-' -'/ - =09.< P�S0' 31 %87&0< %7%&3 U 9 076

%g#.11 %/ R .76 86-&:% 80#1$%/ /%S.8% v((Y w 8-<%&- -'/ < .8&03801 % $%'3 02 /.>%&%'7
< -:'.h8-7.0' v×50

-'/ ×100w ! 56% %W8.7-7.0' 30#&8% 80'3.37%/ -$7%&'-7.S%$C 02 -' + &+$-3%& R .76 $.'%3 -7
488.0

'< v80&&%310'/.': 70
2.54

%� w -'/
514.5

'< v2.14
%� wU 0& -'

;%Px% $-3%& R .76 R-S%$%':76 02
632.8

'< v1.96
%� w ! 56% &%30$#7.0' 02 76% 31 %87&0< %7%&3

.' 9076 8-3%3 R-3  8<
−1 -'/ 76% -88#&-8C 9%77%& 76-' Z !F 8<

−1 ! Q' 0&/%& 70 -S0./
16070P/-< -:% 02 76% .'S%37.:-7%/ 3-<1$%3 U 8-&% R-3 &%g#.&%/ 70 80'7&0$ 76% %>%87.S%
$-3%& 10R%& /%'3.7CU R6.86 R-3 $.< .7%/ 9C 76% #3% 02 h $7%&3 !

56% f-< -' <%-3#&%< %'73 R%&% 1 %&20&< %/ 9076 -7 &00< -'/ -7 6.:6 7%<1%&-7#&% �
.' 76.3 3%80'/ 8-3% U -' 60< % < -/% 7%<1%&-7#&% 80'7&0$$%/ 1$-7% U 8-1-9$% 70 6%-7 76%
3-<1$% #1 70 AFZ � U R-3 1$-8%/ 0' 76% WPCPi -#70< -7% < 0S.': 37-:% 02 76% < .8&03801 %
-'/ 76% 7%<1%&-7#&% R-3 80'7&0$$%/ %$%87&0'.8-$$C!
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".:#&% 4 !F § + 386%< -7.8 &%1&%3%'7-7.0' 02 - f-<-' 31%87&0< %7%& .' 9-8,38-77%&.':80'h:#&-7.0' !
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T7&#87#&% /%7%&< .'-7.0' 37-&7.': 2&0< 10R/%& WP&-C /.>&-87.0' 6-3 ,'0R' - &%8%'7
3#&:% .' 76% $-37 C%-&3 U 76-',3 70 76% /%S%$01< %'7 02 %¦ 8.%'7 3027R-&% &0#7.'%3 -'/
70 76% %'6-'8%/ 10R%& 02 76% '%R :%'%&-7.0' 02 80<1#7%&3 ! n' 0'% 6-'/ U 76% #3% 02
10R/%& WP&-C /-7- -$$0R 3 37&#87#&-$ %$#8./-7.0' 02 < -7%&.-$3 .<1033.9 $% 70 097-.' -3
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LiCl + NaN3 → LiN3 + NaCl
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.' $.76 .#< 2#$$%&./%3 R-3 -$30 097-.'%/ 9C /.&%87

%W103#&% 02 G.
x
(

60
3-<1$%3 70 -<<0'.- S-10#&3 ! Q' 76.3 3%80'/ 8-3% U - ,'0R' <-33
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( v3%%3%87 ! A !@w ! ;%'8% U 76% 3C37%< R-3 80''%87%/ 70 - &%3%&S0.& h$$%/ R .76 -<<0'.- U R .76
- ,'0R' S0$#< % U R603% 1&%33#&% .3 80'7.'#0#3$C < 0'.70&%/ v3%% h: ! F !49w ! + 3.i%-9$%
-<<0'.- #17-,% .3 .' .7.-$$C 093%&S%/ U .'/.8-7%/ 9C 76% S-&.-7.0' 02 1&%33#&% .' 76%
&%3%&S0.& -'/ 76% %W-87$C -< 0#'7 02 x;

3
8-' 9 % %-3.$C /%7%&< .'%/ 9C 76% ,'0R $%/:%

02 76% 76%&< 0/C'-< .8-$ 1-&-<%7%&3 ! 56% 3-<1$% .3 76%' 800$%/ -7 &00< 7%<1%&-7#&% !
T#93%g#%'7 1#<1.': 8C8$%3 -7 S-&.0#3 7%<1%&-7#&%3 -&% 1 %&20&< %/ 0' 76% 3-<1$% U .'
0&/%& 70 <0/.2C 76% -<0#'7 02 -<<0'.- .' 76% h'-$ 1&0/#87 ! 56% 6%-7.': 02 76% �-3, U
/%1 %'/.': 0' 7%<1%&-7#&% &-':% 80'3./%&%/ U .3 097-.'%/ 9C 76%&< -$ 9-763 R .76 %76-'0$
v5< 10◦

(w 0& R-7%& v5= 10 − 90◦
(wU 0& 9C 76% #3% 02 -' 0S%' v5> 90◦
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§ 76% ��� 8#&S% &%1&%3%'7376% 3-<1$% 7%<1%&-7#&% U R6%&%-3 76% ¨�� � 8#&S% 360R 3 76% 1 %-, 02 1&%33#&% /#&.': 76%/%80<103.7.0' !



E@ [ÁÂÃ ^_� � Å `Â�ÃÇ_ Ã�_ÃÂ�Â^�\]
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8#33%/ ! 56% 1&%$.< .'-&C WP&-C <%-3#&%< %'73 R%&% 1 %&20&< %/ .' 76% OfY $-90&-70&C 02
76% p'.S%&3.7C 02 B-&< - U R6%&%-3 3C'86&07&0' /-7- R%&% 80$$%87%/ < -.'$C -7 76% VTf"
2-8.$.7C va&%'09$% U "&w U -'/ 1-&7 -7 76% TR .33 G.:67 T0#&8% 2-8.$.7C vs#&.86 U (; w ! f-< -'
31 %87&03801C R-3 8-&&.%/ 0#7 -7 76% QTXxP(xf Q'37.7#7% 02 �0$0:'- ! Q' 0&/%& 70 :.S%
- < 0&% 80<1$%7% 2&-< %R0&, -'/ 70 3#110&7 76% &%3#$73 -86.%S%/ R .76 76%3% 7%86'.g#%3 U
-$30 30< % xXf U T�pQY <-:'%70<%7&C -'/ VTf <%-3#&%< %'73 R%&% 1&%3%'7%/ U R6.86
R%&% <0&% %W7%'3.S%$C /.38#33%/ .' � *� � xXfoX+T <%-3#&%< %'73 R%&% 1 %&20&< %/ -7
76% G-90&-70&C 02 B6C3.8-$ (6%< .37&C V5; vs#&.86 U (;w U R6%&%-3 T�pQY <-:'%70< P
%7&C R-3 -&&-':%/ .' 76% T�pQY $-90&-70&C 02 76% p'.S%&3.7C 02 B-&< - ! ".'-$$CU VTf
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".:#&% A ! § 56% $-9 0&-70&C WP&-C /.>&-87.0' 1-77%&'3 02 76% 3%&.%3 G .
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1 ≤ x ≤ 6

vCuKαw ! n'$C 20&
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7.0' -'/ f-< -' 31%87&03801C v3%8 ! A !4w ! 56% 3%8 ! A !@ .3 /%S07%/ 07 76% 37#/C 02
76% 80<10#'/3 097-.'%/ 2&0< 76% -<<0'.-7.0' 02 $.76.#< 2#$$%&./%3 � 76% .'S%37.:-7.0'
R-3 3#110&7%/ %.76%& 9C WP&-C /.> &-87.0' -'/ 9C T�pQY <-:'%70<%7&C! " .'-$$CU .'
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o37%1 w U 9076 76% 7R0 8-7%:0&.%3 02 3-<1$%3 -11 %-&%/ R%$$ 8&C37-$$.3%/ -'/ R .76
1&-87.8-$$C 76% 3-< % 37&#87#&% v- < 0&% /%7-.$%/ 80<1-&.30' U 37-&7.': 2&0< 3C'86&07&0'
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x = 1, 2
U .7 .3 R%$$ S .3.9 $% 76% 1&%3%'8% 02
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! X0&%0S%& U 76% 31 %87&- 02 76.3 3#9:&0#1 -&% 1&-87.8-$$C 76% 3-< % U 76#3 360R .':
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R .76 - 7R0P/.< %'3.0'-$ 1 0$C< %&.3-7.0' 02 76% 80<10#'/ U .' R6.86 %-86 (

60
#'.7 .3

$.',%/ 70 76% 20#& h&37P'%.:690#&3 9C �*É*� 8C8$0-//.87%/ 9 0'/3 U -3 360R' .' h: !  !D9 !
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U 9-3.': 0' - 7%7&-:0'-$ 8%$$ v31-7.-$ :&0#1

I 4w ! 56% 7.8,3 < -&, 76%&%h'%/ &%�%87.0'3 ! 56% 1&0103%/ <0/%$ 8$%-&$C /0 %3 '07 < -786 76% /.> &-870:&-< .'76% &%:.0'
2θ = 18.5◦ − 20◦
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R .76 - 7R0 9&./:%/ 90'/ U %S%' .2 76% S-$#% R0#$/ 9 % -' #11 %& $.< .7 ! �#7 76% S%&C
6.:6 S-$#% 097-.'%/ 9C �-3#,-R- %7 -$ ! .3 6-&/ 70 9 % &%2%&&%/ 70 - 8C8$0-//.7.0'
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-7
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'07 80&&%87 ! �%8-#3% 02 76% $0R &%30$#7.0' 02 76% $-9 0&-70&C /.>&-870< %7%& U - /%%1 %&
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R-S%$%':76 #3%/ R-3 hW%/ -7

λ = 0.85066 À U - S-$#% 8603%' 70 < -W .< .3% 9 076 76%
-':#$-& &%30$#7.0' -'/ 76% '#<9%& 02 &%�%87.0'3 80$$%87%/ ! 56% 097-.'%/ /.> &-870:&-<
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76%3% -&% 7C1.8-$ 2%-7#&%3 02 10R/%& 1-77%&'3 097-.'%/ R .76 2#$$%&./%3 U .' R6.86 76%&%
.3 -$R-C3 - 8%&7-.' -<0#'7 02 /.30&/%& .' 76% 37&#87#&% ! x%S%&76%$%33 U 76% 1 %-,3 &%3#$73
3#¦ 8.%'7$C .'7%'3% 70 8%&7.2C - :00/ 8&C37-$$.'.7C $%S%$ 02 76% 3-<1$% !

56-',3 70 76% 6.:6 &%30$#7.0' 02 76% /.>&-870< %7%& U 76% -<9.:#.7C 02 76% 1&%S.P
0#3 -'-$C3.3 8-' 9 % &%30$S%/ ! 56% 097-.'%/ 10R/%& 1-77%&' 360R 3 76-7 < -'C �3.':$%�
1 %-,3 02 76% 1&%$.< .'-&C $-9 0&-70&C /.>&-870:&-< -87#-$$C 80'3.37 02 :&0#1 02 /.>%&%'7
&%�%87.0'3 U 76#3 .'/.8-7.': 76-7 U .2 76% 3-<1$% .3 - 3.':$% 16-3% U 76% 8%$$ 3C<<%7&C .3
1&09-9$C $0R%& 76-' 7%7&-:0'-$ !

d�}��� e������ ����t ��l ��� e�}��� e������ ����de�������
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& !$$+  �+'�!& "!� :
,� & #)�&! #$/C!+ & ,$/  �&  �� #$+'$"/( ,� ' $)*+ �!,��( 8

��� (*/&+ ,#&) >@A +�&�"!� '!$;,(�� +"#� +$!� �;,(�/#��  $  �� '!$' $��( � !"#5 "!&) +$(�) 8 D/ C0 8 K 8L :  �� �' �# !"+ $1 &,/�( 6 , � &
8 MNO �',//,/0 !& � ,� ��$6/ 8
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''+ ,� ("�  $ �'2 �*1!,(,��( #&!1 $/� $%  �� (,� $! �( %"))�!�/� #&0� 8D/�� `  ��  6$ '�&7� ,/  �� �'3 !�0,$/ : ("�  $  ��  6$ (,b�!�/  *' �� $% ' $)*+ �!,�& ,$/ 8

!��$/&/#�� : 6�$�� ��,% %!$+  �� !�%�!�/#� ?�>AB (�' �/(� $/  �� #��+ ,#&) �/;,!$/5+ �/ EFGJ 8 D/ '&! ,#")&! :  6$ +&,/ 0!$"'� $% ' �&7� : #�/ �!�( !��' �# ,;�)* & ∼ 150''+ &/( ∼ 60
''+ : &!� 6�)) ; ,�,1 )� Q  �� %$!+ �! &!,��� %!$+  ��

sp2 �*1!,(,��( #&!1$/�%$!+ ,/0  �� #&0� : 6��!�&�  �� )&  �! %&))� ,/  ��  *',#&) !�0,$/ $%  ��
sp3 #&!1 $/� &/(

!�'!���/ �  �� #$/ !,1" ,$/ $%  �� & $+ � (,!�# )* ,/;$);�( ,/  �� 1$/(� 8 ��� ),% $% �� (�0�/�!&#* $%  ��
sp2 #$/ !,1" ,$/ ,� & %"! ��! C/0�!'!,/ $%  �� '$)*+ �!,�& ,$/

,/ -,
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8 D/ %&# :  �&/7�  $  �� �"''!���,$/ $%  �� 1!$&(�/,/0 �b�# � ,/("#�( 1*  ��&/,�$ !$',# #��+ ,#&)  �/�$! : �&#� #&!1$/ & $+ 0,;�� !,��  $ & /"#)�&! !��$/&/#� Q 1"  �� (,� $! ,$/� $%  �� %"))�!�/� #&0� '!$("#� �$+ � (,b�!�/#�� ,/  �� #��+ ,#&) �/;,!$/5+ �/ :  �"� ,/ !$("#,/0 & %!�9"�/#* ��,% ,/  �� �' �# !"+ 8 >$!�$;�! : %$ #"��,/0 $/  ��
sp3 #$/ !,1" ,$/ ?��� ,/�� $% C0 8 K 8LB :  �� &''�&!&/#� $%  6$ '�&7� ,/  �,� !�0,$/ :
6�$�� ,/ �/�, * !& ,$ ,� &''!$2 ,+ & �)*

1 : 2
: ,� &/ "/�2'�# �( � !$/0 #$/C!+ & ,$/ $% �� '&! ,#")&! �*1!,( 1$/(,/0 �#��+� $% -,
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l$ �  �� �' �# !& : ��$6/ ,/ C0 8 K 8H : &!� #�&!&# �!,��( 1* & 6�&) � $% /&!!$6 '�&7�

?& )&� i F (,�#�!/,1)� 1&/(�B 6�,#� ,/(,#& �  �&  �� '!$1 �( � !"# "!� ,� � !$/0)*
&/,�$ !$',# : &/( #$/C!+  �� '$)*+ �!,�& ,$/ $%  �� #$+'$"/( 8 D/ %&# : $/ $/� �&/( :  ��
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 ��,! !�)& ,;� ,/ �/�, * ,� � !$/0)* (�' �/(�/ $/  �� )&��! �/�!0*: (,b�!�/ )* %!$+ 6�& ,� %$"/( ,/  �� =&
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%$"/( 6 , �  �� =>< &/&)*�,� EHIJ 8
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+$(� 6 , �
!��' �# '!,� ,/� .60

8 @ � &)!�&(* � !����( :  �� ($6/��,% $%  �,� +$(� #$")( 1� !�5)& �(  $  �� #�&!0�  !&/�%�! $/  �� 1"#7*1&)) &/( &)�$  $  �� #&0� ' $)*+ �!,�& ,$/ :
1*  �� "�� $% �$+ � �+',!,#&) )&6 � ?��� ��# 8 � 8�B 8 D/  �,� #&�� :  ��
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'&!�/ + $(� 6&� %$"/( & FiiG #+

−1 8 D% $/� �;&)"& ��  ��
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6 − 7
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−1' �! �)�# !$/  !&/�%�!!�( : &/( : !��' �# ,;�)* ∼ 2.5

#+
−1 '�! �,/0)� &/( ∼ 5.5
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−1' �! 3($"1)�4 .5. 1$/( EFFJ : , !��") �  �&  ��  $ &) /"+1�! $% �)�# !$/� $/ .60
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1$ � #�&!0�( &/( '$)*+ �!,��( EK� : FF: I FJ 8 >$!�$;�! : &/ ,/#$+')� � #�&!0�  !&/�%�! ,/ �,� �*� �+ ,� !& ��! 9"�� ,$/&1)� : 1 �#&"��  �� )&!0� +$1,), * $% ), �,"+ & $+ � & !$$+



dYeY ] VX ^RV^XT\ Z[ �W] VZfTVZg[ gh \Z
X

R
60 Ø1 ≤ X ≤ 6Ù FPF

 �+'�!& "!� : &� ,/(,#& �( 1$ � 1* (,b!&# ,$/ &/( 1* 7-, =>< : ���+ /$ #$+'& ,1)�
6 , �  �� �2 ,� �/#� $% �*1!,( �)�# !$/,# � & �� 1 � 6��/ -, &/( .60

8

× pq p� � �vy�vv�|u

@ #$+')� � �2'�!,+ �/ &) ,/;�� ,0& ,$/ : 6�,#� ,/;$);�( (,b�!�/ &/( #$+')�+ �/ &!*
 �#�/,9"�� : 6&� ' �!%$!+ �( $/  �� &� '!�'&!�( -,

4.60

8 ��� !��") � '!$; ,(� & �$),(
'!$$%  �&  �,� #$+'$"/( ,� &/ "/"�"&) '$)*+ �! : ,/ 6�,#� 1$ � %$"!5+ �+1�!�( #&!1$/
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1.75(2) � : 6�,#� &# "&))* ,� & �$+ �6�& )$/0�!  �&/  *',#&) #$;&)�/ �,/0)� 1$/( : 1" 
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���+ �  $ &!,�� %!$+  �� '&! ,#")&! ), � ,"+ #�&!&# �!,� ,#� 8
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